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Abstract 

We establish a bijective correspondence between affine connections and a 
class of semi-holonomic jets of local diffeomorphisms of the underlying man- 
ifold called symmetry jets in the text. The symmetry jet corresponding to 
a torsionfree connection consists in the family of 2-jets of the geodesic sym- 
metries. We then formulate, in terms of the symmetry jet, several aspects of 
the theory of affine connections and obtain geometric and intrinsic descrip- 
tions of various related objects involving the gauge groupoid of the frame 
bundle. In particular, the property of uniqueness of affine extension admits 
an equivalent formulation as the property of existence and uniqueness of a 
certain groupoid morphism. Moreover, affine extension may be carried out 
at all orders and this allows for a description of the tensors associated to 
an affine connections, namely the torsion, the curvature and their covari- 
ant derivatives of all orders, as obstructions for the affine extension to be 
holonomic. 
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Introduction 

The germ of this article lies in the paper |BCGj where it is noticed that a symplec- 
tic symmetric space (M, s = {sx)x€M,^^) admits a unique symplectic connection 
invariant under the symmetries and described by the formula 

w,(vx.y,z,) = ix,(c^(r + (.s,),r,z)), (i) 

where X, Y, and Z are vector fields on M and a; is a point in M. As a short 
computation shows, we can get rid of the symplectic structure so as to obtain an 
expression involving only the symmetries and the Lie bracket : 



2 



(2) 



This describes the canonical connection of the symmetric space (M, s) in terms of 
the symmetries, or rather in terms of the family of second order jets {j'^Sx)xGM of 
the symmetries. In fact, the relation ([2]) holds for any torsionless afhne connection 
on any manifold if Sx denotes the geodesic symmetry at x. A family of 2-jets 
{jxf)x£M whose first order coincides with the family {~Ix)x£M is called in the 
paper a holonomic symmetry jet. Proposition 11.121 establishes a bijective corre- 
spondence between torsionless afhne connections and holonomic symmetry jets. 



This correspondence may be enlarged to encompass affine connections with 
torsion. One only needs to consider non-holonomic symmetry jets as well, that is 
1-jets of 1-jet sections whose first order is again — /. In order to be more precise 
and pursue with our introduction, we need to introduce some terminology. 

If G ^ Af is a groupoid with source and target maps denoted respectively by 
a and /3, the set of local bisections, that is, local sections b : U G oi a such 
that (3 ob is a. diffeomorphism of M, is denoted by Bg{G). It has the structure of 
a pseudogroup and therefore, for any natural number k, the set of fc-jets of local 
bisections, denoted by B^^\G), is naturally a groupoid as weh. The source and 
target maps are defined by 

aifxb) = X Pifxb) - m^))- 

The multiplication carries a pair {jyC,j^b) of composable elements, that is such 
that a(j^c) = y = li{h{x)) = onto 

jyC-3xb = ix{c-b), 
where c ■ b stands for the product of the local bisections c and b. 



One may iterate this procedure. For conciseness, the space of Z-jets of bisec- 
tions of the groupoid B^^\G) is denoted by B'^'--'^\G). The latter space contains 
B^^^^\G) as a proper subgroupoid. Such (Z,fc)-jets that are not (/ -I- fc)-jets are 
said to be semi-holonomic in the literature. As commonly with jets, for I > fc, 
there is a natural fibration 

pi^k . Q{i)(^Q-^ ^ i3W(G) : jlb ^ jib. 

The map : B^''\G) G is denoted by p'' . Groupoids of type B^^'^\G) 

admit, in addition to the projection p' onto B^'^^G), another projection onto 
e(')(G), induced by : B^''\G) G and defined by 

: B'-^-''\G) ^ B'-^^G) : j^b ^ j'(po 6). 

Similarly, a groupoid of type B^"^'^'''\G) supports a third projection, denoted by 
pI^, onto and so on.... 
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We are particularly interested in the pair groupoid M x M =4 M and its 
associated groupoids of jets of bisections. Notice that B'^^^M x M) is the set 
of linear isomorphism between tangent spaces to M, or equivalently, the gauge 
groupoid of the frame bundle of M. It is often useful to realize an element j^b of 
i3(i.i)(M X M) as the (n = dimM)-plane b^^{T^M), denoted by D{jlb), tangent 
to B^^\M X M) and transverse to the fibers of a and f3. If an element j^b of 
B^^'^\M X M) is a 2-jet, it satisfies p{jlb) = p^,{jlb), but the converse does not 
hold. A 2-jet is also invariant under a natural involution k that basically permutes 
the two derivatives constituting a (1, l)-jet. The subgroupoid of B^^'^^M x M) 
consisting of elements ^ for which p{^) = (^) is denoted hereafter by 

B^f^'^\M X M). 

Now a symmetry jet is a section s of b'"j^'^\m x M) -> M such that p o s ~ 
Pr o 5 = —I, where — / is the bisection x H> —Ix of B^^\Ad x M). As stated 
in Proposition 12.21 there is a bijective correspondence between symmetry jets 
and affine connections that extend the above-mentionned correspondence between 
holonomic symmetry jets and torsionless affine connections. In particular, this 
provides an answer to a question raised by D'Atri in |D'Atri| . 

One of our purpose from thereon as been to understand how the various actors 
of afRne connections theory are related to the symmetry jets. Often so, although 
not always, the results appearing in the text arc long known, but their formulation 
differ from the usual one and all proofs are thoroughly intrinsic, shading light on 
the true nature of the objects involved and their relations to one another. Another 
goal, still under investigation, is to make precise the feeling that at order two an 
affine manifold (M, V) should be a locally symmetric space in the sense that at 
each point x in M, there should exist a canonical locally symmetric space oscula- 
tory to M at x. 

An important point for our purpose is the property of uniqueness of affine 
extension which states that on a manifold M endowed with an affine connection 
V, any linear isomorphism ^ : T^M — > TyM may be uniquely extended to a 2-jet 
jxf that is affine, i.e. satisfies j^f = ^ and 

We show that this property holds for affine connections with torsion as well and 
can be reformulated as follows : there exists a unique groupoid morphism 

S : B^^\M X M) ^ B^^'^\m X M) 

that is a section of p and satisfies S o — / = s. Moreover, the image of S consists 
of the set of affine (1, l)-jcts, that is, elements j].b of B^^'^\M x M) such that 

b{x){VxY^ = Vb(,)(x^)fe(y). 

Through the identification if a (l,l)-jet with a tangent plane, the section S 
is realized as a distribution of rank n on the groupoid B^^\M x M) that is 
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transverse to the a-fibers and the /3-fibers and invariant under the differentials 
of the various structure maps of S^^^(M x M). In fact this distribution appears 
as the set of eigenspaces for the eigenvalue —1 of an involutive automorphism of 
TB'^^\M X M) built from the symmetry jet s. In particular an afSne transforma- 
tion is a leaf of . To be precise, affine diffeomorphisms tp of (Af, V) correspond 
to bisections jV of B^'^\M x M) tangent to . 

The afEne jet S'(^) is holonomic or belongs to B^^\M x M) exactly when ^ 
preserves the torsion. More precisely, ii X = Xt^Xx for vector fields X and Y on 
M, then the relation 

S{0-X-n{S{0)-X^^(T^{X,,Y,)) - (^(X,), ^(i;)) (3) 

holds, where the • refers to the natural action of B'-'^'^^M x M) on T^M. Par- 
ticularizing to ^ = —Ix, we obtain a formula for the torsion in terms of the 
symmetry jet s : 

T^{Xx,Yx) = ^[k{s{x)) ■ X - 5{x) ■ A") . 

Geometrically this says that for any X^ S T^M, the endomorphism T'^{Xx,-) of 
T^M is the difference between the lifts Xi and X2 of X^ in 'D_j^ = D{s{x)) and 
D{k{s{x))) respectively with respect to a*. Indeed, the vector X2 — Xi belongs 
to the tangent space to a~^{x) f) (3~^{x) which identifies to End(r3;M). 

The curvature admits a simple expression in terms of the symmetry jet, or 
rather its first order jet j^s G S'-^'^'^^(M) as follows (cf. Theorem 15. ip : 

R{X,, Yx)Z, = 1 • j> • X - j> • • X) , (4) 

where X, Y and Z are vector fields on M and X stands for Z**,,^ K^X^; £ T^M. 
The dot in the previous formula denotes the natural action of B^^'^'^\M) on T^M. 
The structure of T^M is such that the right hand side of (jl]) is indeed canonically 
identified to a vector in T^M . 

At order three, affine jets exist as well. Indeed, one can prove that the tauto- 
logical distribution S'*(P^) on B^^'^\M x M) corresponds to a groupoid morphism 
and section 

S : B^^\M xM)->- B^^-^^'^\M X M) 

of p whose image consists in the set of affine (1, 1, l)-jets, that is, elements j^b G 
S(i'i.i)(M X M), with 

b:U^ B^^'^\M X M) : x' ^ b{x') = jl,bx' 

such that pO» = = p**{ilb) = S{b{x)) and 

bx{x){v x^^yZ^ = '^bAx)x^^b^{Y)bx'{Z). 
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The groupoid B^fl'^'^\M x M), consistmg of (l,l,l)-jets ^ for which p{^) = 
P*{0 — P**(.Oi supports three natural involutions ki, K2 and K3 corresponding 
to the three different permutations of the order of differentiation occurring in a 
(1, 1, l)-jet. The first one is the natural involution k on the groupoid of (1, l)-jets 
of bisections of the groupoid B'^^^M x M), the second one is the differential of 
the involution n on B'^^'^\M x M), that is K2(j^&) = jHn o b) and the third one 
is the conjugation of ki by K2- A (l,l,l)-jet is holonomic, that is belongs to 
B^'^^AI x M), if and only if it is invariant under two of these involutions. 

Now the affine (l,l,l)-jet S{^) is a 3-jet if ^ preserves three tensors : the 
torsion, its first derivative and the curvature, as implied by Proposition 17.11 and 
Proposition l7.3l Their precise statement is a measure of the defect of invariance of 
iS(^) under ki and K2 in terms of the defect of invariance under ^ of the curvature 
and covariant derivative of the torsion tensors respectively. More explicitely, given 
an element ^ G B^^\M x M) that preserves the torsion, as well as three vector 
fields X, Y, Z on M, the following relations hold for X = 2'**^ Y^,^Xx : 

5(0 • X - • X = dR^iX..,Y,)Z,') - R^{CX,,CY,) ^Z, 

5(e)-x-K2(5(e))-x = e((Vz,T^)(x,,y,)) - (v^z^r^)(ex„^r,), 

where • denotes the canonical action of B^^'^'^\M x M) on T^M. 

As a consequence of the first of these relations, we can write another expression 
for the curvature of a torsionfree connection V in terms of its symmetry jet simply 
by setting ^ = a/, with any a G M — { — 1, 1} : 

r,) Z, = ^ (S{ah) ■ X - K{S{ah)) ■ x) . 

a{l — a^) \ / 

Afine jets of all order exist. At order k, they are the image of a groupoid 
morphism S''<^^ : B'^^\M x M) ^ B'^^^^\m x M) and section of p, where k ■ (1) 
stands for a sequence (1, 1) with k number I's. The difference from order four 
on with order two and three is that the K-invariance of an affine jet is always 
guaranteed. Thus no new "obstructing" tensor appears (of course!). This is due 
to the description of affine jets as push-forwards : 

i?(5(^+i)-(i)(0) = 5^,(^)(P^)"=^^*p|-«,(,)- 

Indeed the affine (fc + 1) • (l)-jet S'^*^'*"^-' '^^-' (^ is K-invariant when its fcth-order 
part belongs to the integrability locus of the distribution V'''^^\ that is the set of 
points C in B''<^^M x M) such that [V''-''^\V''<^\ C vf^^K The fact that 

5f^'^([x,r]) = [s^-'^^\x),st^^\Y)] 

implies that once ^ belongs to the integrability locus of , the jet S'''" (^^(0 be- 
longs to that of r>'= (i). 
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Given a family of tensors {Qi; i € 1} on M, the closed set of 1-jets that preserve 
all of them is a Lie subgroupoid of S(i)(M) denoted hereafter by B{{Qi;i G I}). 
Thus considering the torsion and curvature tensors T and R of an afhne connection 
V = V^, a series of Lie subgroupoids of f?'^^(Af) naturally appears, namely B{T), 
B{T,VT,R), etc.... Their intersection 

So = S(T,...,V^r,...,i?,...,V^i?,...) 

is the largest subset of B'^'^\M) entirely foliated by leaves (of maximal dimension) 
of "D^ and containing all of them. In particular, when the affinc connection V is 
locally symmetric, that is T = and Vi? = 0, the groupoid Bo coincides with 
B{R) and thus through any 1-jet ^ that preserves R passes a leaf of which is 
necessarily the 1-jet extension of a local affine transformation (/Sj of (M, V). The 
geometric description of parallel transport and geodesies in terms of s implies that 
the maps lyS^ is the geodesic extension of ^, that is 

V? = expy o ^ o exp^^ . 

On our way we can reprove existence and uniqueness of the Lcvi-Civita connec- 
tion of a pseudo-Riemannian metric (Proposition [TO^. The specificity of pseudo- 
Riemannian metrics that they admit a unique torsionless compatible connection is 
due to the fact that the set of afSne 2-jets extending — has the same dimension 
as the set of 1-jets of symmetric tensor extending a given non-degenerate symmet- 
ric tensor g^. 

We also compare our approach with Kobayashi's correspondence between tor- 
sionless affine connections and admissible sections ( |Kobayashi| ) , that also involves 
jets. Kobayashi's correspondence can easily be extended to connections with tor- 
sion by enlarging the class of admissible sections and we show a direct link between 
Kobayashi's "admissible" sections and symmetry jets. 

The paper is organized as follows. There is quite a large appendix that contains 
all the relevant material with our prefered notation about groupoids and groupoids 
of jets of bisections. In particular, the detailed structure of B'^'^-'(M x M) and 
X M), as weh as that of the second and third tangent bundles T^M and 
T^M is investigated. For the latter spaces, Bertram's book |Bertrani] has been 
very useful, although it does not use the same differential geometric approach as 
we do. The idea is to read the appendix alongside with the main text, when nec- 
essary. As to the latter, we begin, in Section 1, with the correspondence between 
torsionless affine connections and holonomic symmetry jets. For the sake of clar- 
ity, the case of affine connections with torsion is treated separately in Section 2. 
Section 3 investigates the property of uniqueness of affine extension and introduces 
the distribution . The correspondence between the defect of holonomy of the 
affine extension and the defect of invariance of the torsion is treated in Section 4. 
In Section 5, the description (jH) of the curvature in terms of the first jet extension 
of the symmetry jet is established. The property of uniqueness of affine extension 
at order 3 is handled in Section 6. Section 7 proves the correspondence between 
the defect of K-invariance (respectively K*-invariance) of the affine extension of a 
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1-jet ^ and the defect of invariance of the curvature (respectively first covariant 
derivative of the torsion) under ^ and describes geometrically the integrability lo- 
cus of T>^. Section 8 treats the existence and holonomy of the fourth order affine 
extensions. It is proven there that the K-invariance does automatically hold. Sec- 
tion 9 describes the horizontal distribution on an associated bundle induced from 
an afRne connection. An alternative proof of existence and uniqueness of the Levi- 
Civita connection is presented in Section 10. A geometric correspondence between 
a symmetry jet and the Lie algebroid connection associated to the induced afBne 
connection is shows in Section 11. The geometric description of parallel transport 
and geodesies appears in Section 12. Whence follows, in Section 13, the construc- 
tion in terms of T)^ of the 1-jet extension of the map tp^ = exp^^ o ^ o exp^ for 
some linear isomorphism ^ : T^M — > TyM. That section also contains the proof 
of the property that for a locally symmetric space, through any ^ in S'^^(M) that 
preserves the curvature passes a leaf of I?*, which is then necessarily j^(p^. Section 
14 deals with Kobayashi's correspondence between torsionless affine connections 
and admissible sections of the second order frame bundle. 
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1 Torsionless afRne connections as symmetry jets 

An affine connection on a smooth manifold M is commonly defined to be a M- 
bilinear map 

V : X{M) X X(M) ^ X(M) : {X,Y) ^ VxY 

which is C°°(A/)-linear in the first argument and satisfies the Leibniz rule in the 
second argument, that is, for all X, Y in X(M) and all / G C°°{M), we have 

- VfxY^fVxY, 

- Vx{fY)^XfY + fVxY. 

The previous relations suggests to think of {VxY)x as being a derivative of Y 
in the direction of X^- Such a derivative exists already : it is simply Y^,^Xx (Y 
is thought of as a section M — ^ TM of the tangent bundle). The point is that 
Y^,^Xx lies in the second tangent bundle T^M (cf. Appendix |D|) . while we would 
like to have an element of TM. In fact an affine connection is really a projection 
from T^M to TM. A precise statement that relies on notations introduced in 
Appendix |D] is the content of the next lemma. Such a description allows for a very 
simple description of the horizontal distribution on TM associated to an affine 
connection as the set of elements in T^M lying in the "kernel" of that projection. 
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Lemma 1.1. An ajjine connection on the manifold M is a map 



V : T^M ^ TM : X V{X) 



such that 



• SI is a morphism of vector bundles over the map p : TM — >■ M when T'^M 
is endowed with the vector bundle structure associated to either p or p^. 

The correspondence with the classical definition of affine connection goes through 
the relation : 

VxY = V{YM- (5) 

Proof. Given an afRne connection V, it induces a map V : T^M — > TM defined 
by ([5]) on non vertical vectors which can be extended by V{ix^{Yx)) = on 
vertical vectors. It is not difficult to verify the linearity conditions except for the 
case of two vectors Xi and X2 in the same p-fiber and whose ^.^-projections are 
linearly dependent (as we may not assume that Xi and X2 are of type y, (X) for a 
same local vector field Y). Suppose then that Xi = Yi^,{X3.) and X2 = l2*(a^2;) 
for some a 6 Mq- Then it is not difficult to verify that 



Xi+X2^ {l + a)-{ 



d ( 1 



Hence X\ 



dt\{l 

X2 = Y4(l + a)X.j:) with 
1 



(1 + a) 



Yi 



t=o 



Y 



-Yi 



1+a 1+a 
Verifying now that W{Xi + X2) = V(A'i) + V{X2) is easy. 

Conversely, given a map V as in the statement of the lemma, defining V 
through ([5|) yields an affine connection. Indeed, the Leibniz rule is the only point 
that might not seem to follow immediately. It is a direct consequence of Re- 
mark ID. 21 according to which 

{fY),^{Xx) = XJ Yx + m/(,), , 

where X^f Y^ really means I{f{x)Yx,XxfYx) = i{f{x)Yx) +* iq, {X^f Y^). ■ 

Remark 1.2. The horizontal distribution % = T-C^ associated to the connection 
V is the "kernel" of V, that is 

V-1(0ta/). 

Now, let {sx)xeM be a smooth family of smooth local diffeomorphisms M such 
that Sx is defined near x and satisfies Sx{x) = x and Sx, = — id. We consider the 
bilinear map V : X(M) x X(M) ^ X(M) : {X, Y) ^ V^F defined by the formula 



X,Y + isx),{Y) 



(6) 
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where x € M and X,Y e X{M). To be precise, the vector field Y + {sx)^{Y) 
achieves the value Y^' + (s^)* _i , O^s^'^(x')) point x' . 

Proposition 1.3. Formula defines a torsionless affine connexion on M . 

Proof. Let us verify that the three conditions defining a torsionless affine connec- 
tion are satisfied. First of all \7 fxY = fVxY because the vector field Y+{sx)*{Y) 
vanishes at x. 

To prove the condition VxfY = Xf Y + fVxY, observe that isx)^XfY) = 
if ° Sx^)isx)*Y. Hence 

[X, {sx)*{fY)] = X{f o s-')isx),Y + if o s-^)[X, (s^^Yi 

which evaluated at a; yields 

[X, isx)*{fY)l = x,/y, + f{x)[x, (s,),r],. 

Then 



i{yxfY 



X, fY+{s,),XfY) 



X.Y 



+ XJYx + fix) X,{s,UY) 



- XxfY. + f{x) 
= 2X.JYx + 2fix){VxfY] 

Finally the torsion T^{X,Y) = VxY - VyX - [X,Y] vanishes because 



VxY - VyX 



X,Y + {sx),Y +i X + {s,),X,Y 

X, Y]x + ^\x + {sx)4x), Y + 
X. r 



Remark 1.4. The Christoffcl symbols of the connexion V with respect to local 
coordinates x^,...,x" around x arc 



1 d^s 



2^k 



2 dx'^dx^ 



(x). 



(7) 



Observe that, of the whole family {sx)xeM, only {j'^Sx)xeM consisting of the 
second-order jet of each at x plays a role. In other words, any section 

of the bundle a : ^(^^(M) M of 2-jets of local diffeomorphisms of M (cf Nota- 
tion [C]3] in Appendix [C]) that projects onto the section 

-I : M ^ B^^\M) : x ^ [-1^ : X -X] 

via the canonical projection p : B'^^^M) S'-^^(A/) determines a connexion V^. 
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Definition 1.5. A sections : M B^'^\M) such thatpos = — / is called hereafter 
a holonomic symmetry jet. 

Remark 1.6. As described in jBCGj . the canonical connection of a symplectic 
symmetric space (M, (s2^)a;gM, admits an expression similar to (jG)). More pre- 
cisely, it X, Y and Z are vector fields on M, then the following expression defines 
both the unique Sa;-invariant symplectic connection on the symplectic symmet- 
ric space (M, (sx)xgm,^) and the connection associated to the symmetry jet 
six) = jlsx : 



ujJVxY,Z 



ix,(c^(y + (s.)*r,z)). 



Indeed, it is a consequence of the following short computation 



(8) 



= {Vxco)^[Y+{sx).Y,Z'^ 

= xJujiY + isx)*Y,Z)] -ujJVxiY + isx)*Y),z'^ 
= Xx[oj{Y + {sx)*Y,Zyj -LJx[[X,Y + {sx),Y],Zy 

Definition 1.7. A diffeomorphism cp of a manifold M endowed with an affine 
connection V is said to be affine if 



holds for all X, Y in X(M). Likewise the 2-jet j^^ of a local diffeomorphism 
If : U CM^VcMata point x of its domain is said to be affine if the previous 
relation holds at x, that is : 

V*.{yxY'^ = V^,^x^^P*Y. 

Lemma 1.8. The connexion admits s{x) as affine 2-jet. 

Proof. 

2fv^y) = \x,Y+{sx).Y 

= -(sx)*^ X,Y + {sx),Y 

= - {sx)*X,{sx)*Y + (sx)* o {sx)*Y 

= X,{sx),Y + {sx).{{sx)*Y) 



Remark 1.9. Given a whole family {sx)x£M of smooth diffeomorphisms of M 
satisfying Sx{x) = x and {sx)*^ = ^ id, there is not a global Sa;-invariance of V^, 
for s{x) = jxSx, unless the Sx's satisfy additional relations of a global nature. A 
typical example is a symmetric space, where the symmetries Sx satisfy SxO Sx = id 
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and Sy o Sx o Sy = 
invariant. Indeed, 



Ss^(x)i In that case, the associated connection is globally s. 



'X' 



( 



V(s„).x(sy)*i^ 



) 



X 



i {Sy)^X,{s.y)^Y {Sx)^0{Sy)^Y 

" = -I X . 

\ {Sy)^X,{Sy)^Y +{Sy)^0{Ss^{x))*y 




We have obtained so far a connection from a symmetry jet. On the other hand, 
a connection induces a family of local diffcomorphisms, its geodesic symmetries. 
More precisely, let exp : O C TM TM be the exponential map associated to 
the connection V, that is the map that sends a tangent vector X to the time-one 
geodesic tangent to X. Here O is assumed to be some neighborhood of the 0-section 
in TM on which exp is defined and such that if Ox denotes the intersection of O 
with TxM, then —Ox = Ox and the restriction of exp to Ox — denoted by exp^ 
— is a diffcomorphism onto some open subset lAx of M . The geodesic symmetry 
at X associated to V is the local involutive diffeomorphism : Ux ^ Ux y ^ 
exp(— exp~^(y)). As can be expected, the 2-jet at x of the geodesic symmetry of 
the connection V* coincides with s. 

Lemma 1.10. If ax denotes the geodesic symmetry at x induced by the connection 
associated to the symmetry jet 5, then 



Proof. Let 7(i) = exp^{tXx) be a geodesic with tangent vector field X^(^t^ ~ 
The latter satisfies 



jlox =5{x). 



= \/x^X = - [Xx,X + {sx).X 



Equivalently 



= X 



X 



((X + (s,),X)(/)) = XxiXf) + Xx ((s,)*X(/)) 
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for all / G C°° {M) . Developing the right hand side of the previous equality yields 
- X,(X/)-(s,),^X,((.s,),X(/)) 



t=0 



^-^/oexp^(-sX^) 
at as 



s=t 



t=0 



dt2 



focxp^{-tX^) 



f O exp^ O - h{tX-j:) 



t=o at "'^ ' 
d d 
t=o dt ds 



t=o 

/ o S;j; o exp^{sXx) 



t=o 



df d^ 
172/ ° exp^E o - lj:{tX^) - — 2 / o o exp,^{tX^) 



We claim that this implies that the maps / o exp^ ° — Ix and / o s^, o exp^ coincide 
up to order 2. Indeed, observe that the differential at 0^; G T^^M of these two maps 
coincide. Hence their second differential (cf. Notation IE. 71 in Appendix |E| 

/**.. ° cxp^^^^^^ o and /**^ o s^,,^ o exp^^^^^ 

belong to a same fiber of p xp^ : B'-'^HM) B'-^^M) x B''^'>{M), so that their dif- 
ference is a symmetric bilinear map B from Tr^M x T^. A/ to TyM (cf. Rcmark lE.lQp 
which is determined by its values on pairs {X,X) G T^M x T^M. Now, the pre- 
vious calculation shows that B{X,X) vanishes for all X. Whence the result. ■ 



Remark 1.11. So starting from a symmetry jet s, we obtain in a canonical way, 
via the afhne connection V^, a smooth family {a'^")xeM of local involutive diffeo- 
morphisms which integrate pointwise the section s. 

Given a torsionlcss affinc connection V, let us denote by the symmetry jet 
defined by 

Proposition 1.12. The two correspondences s and V are inverse to 

one another. In particular it is true that any ajfine connection V is associated to 
the symmetry jet consisting of the family of 2-jets a^ of its geodesic symmetries, 
through the relation 



1 r 
2 



X,y-f(aJ)*r , X,YeX{M) (9) 



Proof. Half of the Proposition 11.121 namely the fact that a^" = s, has been 
proven in Proposition ll.lOl The other half, that is. 



V"' ^ V, 
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is easily seen once we know that the geodesic symmetries are afhne up to order 2. 
Indeed, suppose (Vx^)k = (y x{a^)*Y)x, then 

(Vx^)^ = i(vA-y)^ + i(Vx(aJ),r 

= i(vx(r + (aj)*r))^ 



We prove now that the geodesic symmetries are affine up to order 2. A Unear 
connection V induces a horizontal distribution Ti. = TC^ on the tangent bundle, 
described in terms of V (cf. Lemma fO]) as its kernel, that is. 



'TM ) 



Therefore it is sufficient to prove that (aj;)H.*y^ maps Hy^^ onto H-y^. Suppose 
X and Y are vector fields defined near x tangent to H at X^ and Yj- . Then X + Y 
is also tangent to H at + Y^ because the connection is linear and [X, Y]^ = 
because the connection is torsionlcss. Besides, a vector field Z that is tangent to H 
at is also tangent to the velocity vector field of the geodesic cxp^{tZ^), which 
implies that (a^^j^Z is also tangent to the velocity vector field of exp^(— tZj,). Thus 
V2^(aa;),Z = and 

(Vx(ax),F)^ = (Vx+y(ax)*(X + y))^- (Vx(ax)*x)^ 

VY{ax)*X 



.X 



= V 



-[VYiax)*Yj^- 
-(vY{ax)*X^^ 

'^{a^),Y{ax)*X 

{ax)*Y 



^xiax)*Y 
^x{ax)*Y 



{ax)*Y, 
Y.X 



Hence V Xj,{o-x)*Y = for all Xj. g T^M, which implies that (a^;)**^ preserves the 
horizontal distribution V. along T^M. ■ 



Remark 1.13. Notice in particular that for / to be a local involutive diffeomor- 
phism requires no condition on its second order derivative when f^,^ = —Ix- In 
other terms, when j^/ ~ — we have jlf~^ = j^f- (See also Corollarv lE.sp . 

Remark 1.14. A alternative proof of Proposition 11.121 will be provided when 
handling the torsion case (cf. Proposition 12. 2p . 



2 Connections with torsion 

For a connection with torsion, the 2-jct of a geodesic symmetry is not any more 
affine. Indeed, on the one hand, if a map is affine up to order 2 at a point x, its 
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differential at x must preserve the torsion. On the other hand, the torsion being 
a 3-tcnsor, cannot be preserved by — unless it vanishes at x. Nevertheless by 
relaxing slightly the notion of symmetry jet as in the following definition, one may 
establish a bijective correspondence between symmetry jets and arbitrary affine 
connections. Regarding notation, we refer to Appendix lEl and Definition IE. 21 

Definition 2.1. A symmetry jet is a section 

of a : B'^^^'^^M) — ^ M whose first order part pos = p■^,os : M — > B^^\M) coincides 
with —I. A symmetry jet is said to be holonomic if it takes its values in B^^\M) 
and non-holonomic otherwise. 



Proposition 2.2. Given a symmetry jet s, the formula 

1 
2 



X,Y + s,{Y) 



(10) 

where s{x) = j^Sx, for some local bisection Sx '■ Ux C M — s- B^^'^{M), defines 
an affine connection. Moreover, this induces a bijective correspondence between 
symmetry jets and affine connections. 

The proof will show that the condition that s{x) belongs to b'"i^''^\m) rather 
than B''^'^^M) ensures that the Leibniz rule is satisfied and cannot be relaxed. 
Of course the symmetry jet is holonomic, or k- invariant (cf. Lemma |E.17[) . if and 
only if the connection is torsionless. 



Remark 2.3. Observe the following alternative expression for 

1 



= 2 ^ ( Y*. -s{x) ■ Y,^ Xx ) , 



(11) 



where the thick minus — denotes the composition of the scalar multiplication by 
— 1 with respect to one vector bundle structures of T^M over TM with scalar 
multiplication by —1 with respect to the other one (cf. Appendix ID]) . i.e. — = 
mi o miH.. The expression s{x) ■ Y^^Xx stands for the action of the (1, l)-jet s{x) 
on Y^^Xx (cf. ([CT]) ). The two vectors Y^^Xx and —5{x) ■ Y^,^Xx are in the same 
fiber of the affine fibration T'^M TM © TM (see the figure below). Whence 
their difference yields an element of TM (cf. (|55p and ([55)1 in Appendix |D]) . The 
fact that (|lip coincides with pUj) is an easy consequence of the relation between 
the Lie bracket and k (cf. Proposition ID. 4p : 



X,Y + SxiY) 



= 7r((r + Sx{Y)),^Xx,k{X,^ {Y + Sx{Y))x)) 

= Tr(Y^^Xx+*s{x) ■Y^^{~Xx),k{OxJ^ (thanks to (HH)) 

= irrY^^Xx +, TO-i(s(a;) • K^X^;) , O*^,) (thanks to ((58)) ) 

= tt(y^^Xx,-s{x) ■ Y^^Xx) (thanks to 
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X 

TyTM 





-s(x) ■ X 


s(x) ■ X 





T_Y TM 





-5(1) • X 




X = y,^,. 



Proof of Proposition [2T2I Let s : M — !> B^^''^^ {M) be a symmetry jet. Proving 
that (fTTj) defines an afiine connexion amounts to sliowing tliat tire left hand side 
satisfies the Leibniz rule as the C°°(M)-linearity in the first argument is easy to 
see. So let / be a smooth function on Af , then 

Recall from (|53l) that 

where X^;/ really means Ip{J{x)Yx,XxfYx) = i{f{x)Yx) +* F^;). So 

Then 
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lp{.f{x)Y,, -XJY,) + -m/(,),(s(a;) • ^^X,)) 
= \T^(lp{f{x)Y^,X^fY^),Ip{f{x)Y^,-XJY^)) + 

\n\m,f(^)^{Yt.^X^),rnf(^^)^[-5{x) ■ Y^^X^)^ 
= XJY, + fix)VxY 

We explain now how to associate a symmetry jet s to a connection V. Extract- 
ing s from ([Tl]) yields the following expression : 

s{x) ■X = -X + m_i, (l{Y,,,2VxY)^ , (12) 

where X = Yt^^X^ and V = V. Moreover, for any connection V, the relation ((T^ 
defines a symmetry jet s whose associated connection V is V. Indeed, 

V'^Y = i7rfi;^X„-s(a:)-i;^X, 

- i7r(i;^x„n^x,-/(y„2Vx.r) 
= Vv r. 



3 Uniqueness of afRne extension revisited 

This section provides an alternative description of the well-known property of 
uniqueness of afRne extension, which states that on a manifold M endowed with a 
torsionless afhne connection V, any linear isomorphism ^ : T^M — > TyM, x,y G M, 
admits a unique lift to an affine 2-jet, meaning that there exists a local diffeomor- 
phism f : U C M V C N whose differential at x coincides with ^ and that 
satisfies for any pair of vector fields X and Y 

/*.(vx.i^) -V/.^(x.)(/.(y)), 

a relation which depends only on the 2-jet j'^f of /. The property of uniqueness 
of afhnc extension holds for connections with torsion as well, provided the affine 
extension is allowed to belong to B'j^''^\M) instead of B'^^^M). 

Definition 3.1. An affine jet is an element ^ = j^b of B^i^'^\m) such that 

6(x)(Vx,y) = Vfc(,)(x,)6(r). 

Remark 3.2. The image of s consists of affine jets. This is a consequence of the 
fact that any (1, l)-jet in b\^'^\m) whose first order part lies in the bisection — / is 
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its own inverse (Proposition |E]4|. Indeed, we know from (|^^ that {sx{Y))^,^Xx = 
-s{x)-Y^^X^. Thus 

Vx,s^(i") = i7r('-s(a-) •n^X^,m_i,(s(x) -5(2;) -y^^X^)) 

The last equality follows from Tr{X,y) = —Tr{y,X) = 7r(7Ti_i*3^, 7ti_i* A"). 

The following proposition consists in the property of uniqueness of afhne ex- 
tension extended to affine connections with torsion and shows also that the map 
B^^\M) — >• B''fl'^\M) that associates to a 1-jet its unique affine extension, can be 
characterized as being the unique groupoid morphism and section p = that 
extends s, in the sense that S o —I = s. 

Proposition 3.3. Given an affine connection there is a unique Lie groupoid 
morphism S : B'^'^\M) B^^'^\m) (Definition such that S o -I = 5 and 
p o S = id. Moreover the set of affine jets is precisely the image of S . When the 
symmetry jet is holonomic, the morphism S takes its values in B^^\M). 

Proof. Let j^b e s|/^^(A/), with P{b{x)) = y. Then 



-i7r((6r),^(fe(.T)X,),-s(y) ■ {bY),^{b{x)X,) 
= -2^{j'.b ■ Y,^X,,-jlb • 5{x) • n^X,) 
■ K^X„-s(y) • jlb ■ Y^^X, 



= i^(-s(2/) • J> • Y,^X,-jlb ■ six) ■ Y,^X, 

This implies that j^b is affine if and only if 

jib ■ 5{x) = 5{y) ■ jib. 
(This statement relics on Lemma lG.61 ) Or, cquivalently 

5{y) ■ jlb ■ 5{x) = jlb. (13) 

In terms of the associated plane (cf. Remark IC.2I in Appendix [C]) , the previous 
equation is satisfied if and only if D{jlb), which lies in (cf. Remark |E.3P 
satisfies 

Dis{y))-D{jlb)-DiB{x))=D{jlb). (14) 
Now, for any 1-jet ^ in B^^'>{M), define the map 

: T^B^'\M) ^ T^B(i)(M) : X^ ^ . ■x''^'^^^^'^\ (15) 
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where X = a*^ (Xj ), r = /3,jX^) and where X (respectively F ('(^"'"•) 

denotes the hft of X (respectively Y) via /3* (respectively a*) in _D(s(.t)) (respec- 
tively D{s{y))). The dot in the previous formula refers to the differential of the 
multiplication in the groupoid B^^\M), that is the map 

m,,^^,^^, : T^,B^'\M) X(„.^^,^.^^) T^.B^'Hm) T^,.^,B'-^\M), 




Figure 1: The map 



The relation can be reformulated in terms of ^/i^ as follows : 

i^^(D{]lb))= D{jlh). 

The map V'c is an involutive automorphism of T(^B^^\M). Indeed, on the one 
hand, a*^ o ijj^ = — a,^ and o -0^ = — and on the other hand, 

— — D(5(x))A ^ _r,(5(:,)),/3. _— D(5(x)),/3. 

— Z5( = (x)),^i. ^ ^ ^— D(5(a;)),/3.-j (27) 

as implied bv Proposition lE.4l and. similarly, .y^'-"'-^-'-''"* — q^^ Hence 

T^B^^\M) decomposes into a direct sum of eigenspaces corresponding to the eigen- 
values ±1 : 

t^b^^\m)^eX\®e% 

Clearly ~ T^/C. Since T^/C C f^, the subspaces and f j are transverse 
and therefore 

= Et\ n £^ 
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defines a distribution on B'^^^M) corresponding to a section 

S : B^^'> (M) ^ b[1^\m) 

of p such that D{S{^)) = V^. We claim that 5 is a groupoid morphism whose 
image consists of the set of affine jets. The first statement is a consequence of the 
following simple observation : 

itself implied by (fT7|) . As to the second statement, along the bisection — /, the 
image of S coincides with s. Indeed, the relation ([T71) implies that 

D{s{x)) C E"^-'- . 

Hence S(-I) consists of affine jets (cf. Rcmark lX^ . Thus, for any ^ : T^M TyM 
in i3*^^^(M), the property of S" to be a groupoid morphism that coincides with s on 
-/ implies that 8(0 = S{-Iy ■ C • -h) = S{-Iy) ■ S{0 ■ Si-h) = siy) ■ S{0 ■ s{x) 
which implies that S(^) is affine. 

Concerning the very last statement of the proposition, it is a consequence of 
the property that k is a groupoid morphism (cf. Lemma |E.17|) and the first part 
of the proposition. Indeed, 

^(5(0) = <siy) ■ SiO ■ six)) = • ^(SiO) ■ 
implies that k{S{^)) = S{^). ■ 
Thus affine connections are also in bijective correspondence with sections 

S : B^^\M) ^ bI^'^\m) 

oip that are groupoid morphisms. Besides, since a (1, l)-jet ^ may also appear as a 
plane D{£,) tangent to B^^'^{M) attached to (cf. Remark [C?2l in Appendix [C]) , 
the data of the section S is equivalent to that of a distribution, denoted by V or 
V^, on B^^\M). It satisfies the following properties : 

a) V is "horizontal" in the sense that a* and arc fiberwise isomorphisms 
from V to TM. 

b) The fact that V is induced from a groupoid morphism implies that it coin- 
cides with ef,^{TxM) along the identity bisection, is invariant under ;„ and 
is preserved by multiplication, that is the map to* : TG X(a,,i3,) TG — !■ TG 
maps P X{a,,i3,) onto T). 

c) V <Z E (see Definition lC.6[) . or equivalently the bouncing map fa : B'^^\M) — > 
End(TM, TM) -.i^P^^o a^^ 1^,^^ = b{V^) induced by V is the identity. 

The word "horizontal" used to describe condition a) in analogy with the fiber 
bundle case is quite dubious in the groupoid case as V is, at least along the 
bisection — /, rather vertical with respect to our standard picture of a groupoid, 
since the bouncing map along — / coincides with — /. 

Now, affine local or global transformation appear as leaves of the distribution V. 
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G 

a p 




Figure 2: The distribution V 



Proposition 3.4. Let s he symmetry jet on the manifold M , let V denote the in- 
duced affine connection and T) the associated distribution on B^^\M). Through the 
1-jet extension map (p j^(p, ajjine (local) diffeomorphism of {M,V^) correspond 
to (local) bisections of B^^\M) that arc leaves ofD. 

Proof. Since V is contained in a leaf of V is necessarily locally a 1-jet extension 
i^if. The latter is then affine since tangent to T). ■ 



4 Torsion and holonomy of affine jets 

Given a symmetry jet s on a manifold M, the defect for an affine (1, l)-jet S{£,) 
to be holonomic, or fixed under the involution n (cf. Lcmma lE.17[) . coincides with 
the defect of invariance of the torsion under ^. A precise statement is the content 
of the next proposition. 

Proposition 4.1. Let S{£) = jib he an affine jet, then, for any X e T^M with 
p{X) = Yx and p^{X) = X^, we have 

In particular, the affine (1, l)-jet S'(^) extending ^ is a 2-jet if and only if ^ pre- 
serves the torsion. 

Proof. Supposing that X and Y are vector fields on M extending Xx and Y^ 
respectively and such that X = K{Xt^Yx), the right hand side of (fT8| equals 
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C{VxY-Vy^X-[X,YI^ 
-{'^ax.)bY + V^(y^.)6X + [bX,bY]y) 

= -n(siO-Y,^X,,,S{0-n{X,^Y,)\ 
+ 7r(5(e) ■ At(5(0 • X^Y^Yj 

= 7r(s{0 ■ K{X,Y,),K{SiO) ■ i^iX.Y,)) 

where we have used Proposition ID. 41 as well as relation (p^ from Appendix [E] ■ 

Equation (|18p yields a geometric interpretation of the torsion of an affinc con- 
nection in terms of its symmetry jet. 

Corollary 4.2. Let s be a symmetry jet, and let V be the corresponding affine 
connection. Then 

T^{X.,,Y^) = ^7t(^k{s{x)) ■ X,s{x) ■ X) , 

for any X £ T^M with ^{X) = and v*.{X) = X^. 

In terms of the distribution I?'', this means that for any X^ e T^M , the 
endomorphism {X^, ■) of T^M is the difference between the lifts Xi and X2 of 
Xx in 2?-/^ and k{'D-j^) respectively with respect to a*. Indeed, the vector X2 — 
Xi lies in T.i^iB^'^^M)^^^) which is naturally identified with End(r^M, T^M). 

5 The curvature in terms of the symmetry jet 

In this section we present a very simple expression for the curvature of an affine 
connection in terms of the first jet of the symmetry jet. More precisely, we prove 
the following statement 

Theorem 5.1. Lets be a symmetry jet on the manifold M. Then the curvature 
tensor R of the associated affine connection admits the following expression 

RiXx, Yx)Zx = ^n(«0» . j> • X, j> • Kijls) • x) , (19) 

where X , Y and Z are vector fields on M and X stands for Z^^y^Y^^^X^ 6 T^M . 
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Remark 5.2. One could also write, with a slight abuse of notation 

i? = in([«;(j»,j>]). 

Remark 5.3. Observe that ^(j^s) is not a (l,l,l)-jet since pij^s) = 5{x) does 
not coincide with p*(j^s) = m_i* (cf. Remark IG.13|) . Nevertheless, ^(j^s) is an 
element in C{T^M) (cf. Definition IG.4[) whose action on an element X in T^M is 
defined by 

i^iil^) ■ ^ = i^Uls ■ k{X)). 

Moreover, 

- P**{i^{jxS)) = m_i. 
Proof. As a first step, let us compute V^^ VyZ in terms of the symmetry jet. 

Let 7 : (— e, e) M be a path in M tangent to Xx at t = 0. Then 

(VyZ),JX,) = A(VyZ)^(,)[^^ 
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where Z = = Z^^Y^. Since X"'^ = X and J? = to_i* o TO_i*,(j^s • X) belong 
to the same (7^2 = p* x p»,)-fiber, there exists aU ^ T-^^TAI such that 

X^ =X2 (e,(X2)+,, +** (e**(X2)+, . 

(This follows from in Appcndix [F|) . It is not difficult to verify that tt* (X"'^ , X^) = 
n2(X\X2) = U. Now, we claim that for an element ^ G ^(^'^^^'(T^M), 

7r4e-X\^X2) •7r,(X\x2). (20) 

This is verified as follows : 

C-Xi = C- (x2+,(e,(X2)+,4zg^J,(W))) 

= C-X2+, (e•e,(X2)+,,^(^g^),(W)) 

= ^ x2 (e,(e • x2) (ig„)4p*(e) • w)) 

The last equality follows from Lemma IG.6I and holds for any ^ G C{T^M) such 
that ^ • (ioM)*(^) ~ (*0a/)*(?'*(0 ■^)- 111 particular for ^ = ^(jKs)- Indeed, 

Thus 

Vx. VyZ = i7r(,7zi , [^,(X\ X^)] , -mi , ^(^(jis) ■ • X^)]) . 

To pursue this computation, observe that 7r((ma)*A', {ma)*y) = aT:{X,y) for two 
elements X and 3^ in a same {p x p*)-fiber and a real a. Thus 

Vx.VyZ = \U,{X\X')-n,{K{jlB) ■ X^nijls) ■ X^) 



Moreover m_i(7r,(2)i, 2)^)) = 7r,(m_i(2)i), m_i(2)2)) and m^i^ir^^f ,^f)) co- 
incides with both 7r*(m_i*(2;)^),m_i*(2)^)) and 7r»(m_i*,(2}^), m_i,,(2)^)) for 
any 2)2 TSA/. Thus 

Vx.VyZ = i^(7r,(X\x2), 

TT* (?T!,_l O ?T!,_l*,(K(j^s) • X"^), m_l O TO_l**(K(j^s) • X^))^ 

(21) 

Let us define 

- Xi=m_iom_i,,(K(jis)-Xi), 

- X2 = m_i o m_i*4K(jis) • X2) = m_i o m_i4K(jis) • j^s • X). 
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Now U = 7r,(Xi,X2), U = 7r,(Xi,X2) and U = 7r(7r,(Xi, X^), 7r,(Xi, X2)) = 
Vjf^VyZ satisfy the relations 

X X (C;^:};(x ) -f-^ (^oa/)*^^)) 

X^ = X^+,, (e„(x5)+, (zg^J^Z^)) 
W = (e.(W)+zg^^(C/)). 

Besides, all four elements X^, X^, X^ and X^ belong to the same p*, -fiber and 

-A- >^ ^ .A- I ^ ^ .A- 

= e..(X2)+J(zg^J,(e,(W) + zg^^(C/))) 

= e**(X2) +* fi* oi^ op^ op^^(X2) + I{U)j 
= e**(X2) +* ( o o o p»*(X2) + I{U)j 
= e,,(X2) +, (e*(e,4X2)) + /(C/)) . 

This computation shows, in terms of the piece of notation introduced in (|72p that 

Vx.VyZ = in(xi X2-„Xi+,*X2). 

In other terms 

Vx^VyZ = 

in^X+*, (?7i_i)*j^s • X +*, (to_i) K(j^s) • X +*, (m_i) o (to_i)^ • j^s • X^ 

Now wc can tackle the curvature. Without loss of generality, we may assume 
that [X,Y]^. 0. Then 

= 4n x^ - 

with 

- 2)2 ^ (m_i), o (m_i),,jis ■ 2), 

- 2)1 -(m_i)o(m_i),, k(j^s)-2), 

- 2)2 ^ (^_^) o (7n„i)* K(jis) • jifi ■ 2). 
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Observe that ([7^ implies that 

n(s2)i -,,S2)2 _^^2^i ^^^2p^ ^ noK^S)! -,,2)2 ^^^^T^ 

= n(Ac(2)i) k(2)2) ^(§1) 

Moreover, 

- = o (m_i),,K(j^s) • X X^, 

- k(2)1) = o (m_i),, il5 • X = X^, 

- k(2)2) = (to_i), o (m_i) j^s • K{jl5) ■ X ^ X2. 
Therefore, 

In I ti — T2 _ Tl ^ T2 1 _ 

— ^ J. J. I .-V ^ ^ .V * ^ .v |~ ^ ^ I 
ITTi /'tI — T2 _ Tl J- T2'\ 

= in(x2,«(2r2)) 



In other words, 



R{Xx,Yx)Zx = in((m_i)o(m„i), At(jis)-jis.X, 
(m_i), o [m^i) ils ■ nUls) ■ Xj 
= i^{i^Uls) ■ jls ■ XJls ■ K{jls) ■ X 



6 Third order affine extension 

As for the order 2, on can prove that afBne jets of order 3 extending a given 1-jet 
always exist, provided (1, 1, l)-jets, that is elements of the groupoid B'-^'^'^^M) 
are allowed. Reeall from Appendix [G] that the later are of the type 

e = jlb, 

where 

b : Ux B'^^^^\M) : x' ^ jl,bx' 
is some local bisection of B^^'^^M) and the various 

bx' : Ux-^B'^^Hm), 
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for x' G Ux, form a smooth family of focal bisectfons of B^^^{M\ Recall also that 
when ^ lies in ,b|j^'^'^''(M), we may assume that 6a;'(.T') = bx{x') and that bx' is 
tangent to £ for all x' or equivalently that (/3 o bx')*^, = bx'ix') (cf. observation 
following Definition IG.1[I . 

Definition 6.1. A (l,l,l)-jet ^ is affine if it belongs to b\]'^'^\m), if its (1,1)- 
part p{^) =p*(^) =p»*(i^) is affine and if for any vector fields X, Y, Z in X{M), 
we have 

e(Vx.VyZ) = V^X.V6^y6.Z. (22) 

Let us say a few words about the right hand side of ([221) • The vector field bxY 
is defined on a neighborhood Vy of y by {bxY)y: ~ bx{x')Yx' with bx{x') = y'. 
The notation b Z stands for the family Ty' of vector fields parameterized by y' = 
bU^') 6 Vy : 

Ty, : Vy, ^ TM : y" = &°,(x") (6,.Z).y» = bx'ix")Zx„. 

It is differentiated covariantly in the direction of the vector field y' H> {bxY)y, and 
the result, that depends twofold on the variable y' is being covariantly differenti- 
ated in the direction of ^Xx G TyM. 

Remark 6.2. It is also important to notice that a (1, 1, l)-jct that satisfies 
alone does not necessarily have an affine (1, l)-part. Indeed, let b denote a local 
bisection of B^^\M) such that jib = S{0- Then 

So ixi^b, is affine if and only if 

(b{VYZ) - Vh^yb.Z^ = 

for all X, Y, Z in X{M). The latter relation only means that, for any vector fields 
Y and Z, the two local vector fields 

U = 6(VyZ) and V = Vb^yb.Z 

induce the same map p"" o [7,^ = p^ o 14^ : TyAI — > TyM, where denotes 
the projection : T^M — > TM induced from the horizontal distribution on 
T^M associated to V^. Still, the vectors Uy and Vy might not agree in general. 
Equivalently, j^bx might not coincide with jib = S'(^). 

The following statement follows directly from Proposition 13.31 

Proposition 6.3. Given a symmetry jet 5 : M bI^'^\aI) and the correspond- 
ing distribution T> on B^^\M), the (tautological) distribution 
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along Im S C Bj^' (M) corresponds to a groupoid morphism 

S : B'^^\M) ^ B^^'^'^\m) 

whose image consists of ajjine (1, 1, l)-jets and such that p o S coincides with S. 

Proof. For any ^ G B'^^^M) let denote some local bisection xi a^{xi) 
such that jla^ = S{£,), for x = a(^). Then, for each point a^{xi), the expression 
o-a(:{xi) denotes a local bisection, that depends smoothly on xi, whose first jet at 
xi coincides with S{a^{xi)). It is tautological that the (1, 1, l)-jet 

is affine. Indeed, 

Moreover, jl{S o a^) belongs to sJ,^'^'^^(M) : 

- PUxiS ° ac)) ^ So a^{x) S{0, 

- P*ijx{Soa^)) =jl{poSoa^) = = 5(0, 

- P**ijl{S o a^)) = jKp^ oSoa^) = ila^ = S{C). 

Observe now that D{jl{S o a^)) = (5 o a^)*^ {Tj;M) = (2?^). Furthermore, the 
section 

S : ^ 4'-'''^ (A/) : ^ ^ 5(0 = j-i(5 o a^) 

is a groupoid morphism. Indeed, if (O7C2) G 'B^^^ ^{a.p) B''^\ then 

i?(>S(6 -6)) - 5.,^.,j2?c,.5J - 5,,^.,JP5, - I?,. J = 5,,^(2?eJ • 5.^J2?«J 

(cf Remark[C21) implies that 5(0 ■ 0) = ^5(0) • '5(0)- ■ 

Proposition 6.4. T/ie affine (l,l,l)-jet 5(0 is i^e unique ajfine (l,l,l)-jei 
whose first order is 

Proof. The idea of the proof is to compute 

'^ix.c'^b.cYb.Z, (23) 

for a (1, 1, l)-jet C = j^j^b. in i3jj^'^'^''(M) whose second order part is 5(0, in terms 
of s and S so as to make the condition that ([23]) vanishes equivalent to C = '5(0- 
Using the formula ([2T|) with = <S{—Ix) and taking into account the facts that 
p(0(7r(A'i,A'2)) = 7r(^ X^) for any (l,l)-jet ^ and p*(0 • = 
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7r*(C-X\^-X2) for any (l,l,l)-jet f (cf. 1^), the first term ^(Vx, VyZ) can be 
rewritten : 

^Cj^r TT* (x, (to_i), o (m_i)*,j^s • , 

= ^TT 7r^(s{0 ■ X, (m_i), o (m_i),H.'5(0 • j^s • X j , 

TT, (^(to_i) o (m_i),,5(^) • • X, (m_i) o (m_i),5(^) • <S(-/x) • i^s • xj 

TT, (^5(0 • X, (m_i), o (m_i),H.jj)s • 5(C) • , 
TT* o (m_i),,5(-/y) ■ 5(C) • X, (to-i) o (m_i),5(-/j^) • jyS ■ 5(C) ■ X^ 



= — TT 

4 



where X = Z^^y-^y^^x^- The third equality follows from the fact that 5(C) com- 
mutes with S{^Ix) and with j^s. This is really the key point here and the main 
property of 5(C) that distinguishes it from other (1, 1, l)-jets. Indeed, 5 being a 
groupoid morphism, we have 

5(C) • 5(-/,) = 5(C • -/.) = Si-Iy ■ C) = S{-Iy) ■ 5(C) 

and 

5(C) -J^s = jl{Soa^).jl{So-I)=jl(^{Soa^).{So-I)^ 

= ji(5o(a..-/)) =ji(5o(-/.a^)) = ji((5 o -/) • (5 o a^)) 
= J>-5(C). 

For the second term of ([23|) , notice first that since (belongs to B'j^^^'^\M), we 
may assume that bx'{x') = fox(2;') and (^9 o bx')*^, = bx'{x'). Let 7 : (—£,£) ^ M 
be a path tangent to Xx at 0. Then 7 = /3 o fe^. o 7 is tangent to C^x at y and 
observe that 



V^x^Vb^yb.Z = i7r(^(Vfc,y5.Z) 



7(t) 



7(t) 



Now, for each t e (—£,£) let Tt : {—e,e) M be a path tangent to Y^(^tf at 0. 
Again, the path f (t) = /3 o b^f^t) ° Tt is tangent to {bxY)^{t)- Then 



Besides, 



and 



7(t) 



^^(^(^(*)^)n(.) 



s(7(0) • ^(^(t)^)n(s 



ds 



^ 1 u 7 



s=0 



i(t)^7(t) 



■?7(t)^7(t) • ^*T(t)^7(*) 



s=0 
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Therefore, 



/^(t) t=o 2 V 

(m„i), o (m_i)**jjjs • C • Z^^Y^Y^^X^y 



We pursue our computation of V^x^^b^yb.Z as in the proof of Theorem lS.li and 
obtain 



1 

— TT 

4 



7r*(^(m_i) o (to_i)*, S{-Iy) ■ C ■ ^, 
(m_i) o (to_i), • j^S • C • 



Thus V^x^^b^yb.Z admits the same expression as ^(Vjf^ VyZ) with C instead of 
<S(^). We claim that ( is afFine if and only it coincides with S{^). Indeed, since 
( ■ X and S{^) ■ X are in the same {p x x p,*)-fiber, there exists a W £ TyM 
such that 

(cf. ([70)1 in Appendix IF| . Then the relation ([75]) implies that 

• 5(0 • X = Si-Iy)-C-X+-W, 

S{-Iy)-jlS-S{0-X = S{-Iy)-jl5-C-^+W. 

Each one of the previous relations remain valid if the two elements of T^M appear- 
ing in each side of the equality are both multiplied by an even number of negative 
signs. Hence defining £, G C{T^M), i = 1, 2, 3 by 





2} = 


(?71 




?) = 


(to 


h 




(to 



we see that 



1,2 



^3-5(0-x = £3-C-x + w^. 

This implies that 

TT* (5(0 • X, £i • 5(0 • x) = TT* (c • X, ^1 • C • x) + 2W^ 

• 5(0 ■ X, £3 ■ 5(0 • x) = TT, (^2 ■ C • X, £3 ■ C ■ x) + -2W. 



Hence 

which coincides with 
1 

f 



TT, (^5(0 • X, £1 • 5(0 • Xj , TT, [I2 ■ 5(0 • X, 4 • 5(0 • X 

TT, (c-x,£i •c-x),^,(^2 •C-x,4-C-x) 
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is equal to W, i.e. we have shown that 

C(Vx.VyZ) - V4X.Vf,,y6.Z = n(5(0-X,C-x). (24) 

Hence C is affine is and only if = 0, that is if and only ( ■ X — S{£,) ■ X for all 
X £ T^M which in turn implies that ( = S{£,). ■ 

7 The curvature as a measure of the integrabihty 
of affine jets 

This section is devoted to proving that the affine (l,l,l)-jet S{^) extending ^, 
which exists and is unique, as proven in the previous section, is a genuine 3- 
jet depending on whether the 1-jet ^ does preserve both the covariant derivative 
of the torsion and the curvature. More precisely, a (l,l,l)-jet in B^fl^'^'^\M) is 
holonomic if and only if it is symmetric, that is, preserved by the involutions k 
and K*. Moreover, a (1, 1, l)-jet is invariant under k (respectively k*) if and only 
if its first order preserves the covariant derivative of the torsion (respectively the 
curvature). The first statement, which is the content of the next proposition, is 
obtained from the relation (|18p by differentiating both sides. The second one. 
Proposition 17.31 involves computing the curvature tensor, evaluated on vectors 
Xx, Yx, Zx G TxM, in terms of the second derivatives of X, Y, Z. 

Proposition 7.1. Let ^ € B^^^M) and suppose S'(^) is holonomic. If x ~ oi{S), 
let Xx, Yx and Zx be three vectors in TxM that extend to vector fields X, Y and 
Z . Let also X = Z^^^^ Y^^Xx in T^M , then 

n(s{0 ■ X,k4S{0) ■ ^ ^(^{\/zT'^KYx,Xx)) - [\7^z^T^y^Yx,^Xx), (25) 

Thus, when S{^) is K-invariant, the affine extension S{^) is K^-invariant if and 
only if ^ preserves VT^. In particular, S{^) is automatically K*-invariant when 
the connection V is torsionless. 



Proof. Let t e {~e,e) H> {£,t, Zt) G B^^\AL) X(„ p2-)T^A/ be a smooth path whose 
first component is tangent to at t = with non-vanishing velocity vector 
io- Set X = ^fi|o, Xt = p{Zt), Yt = p,{Zt), Xx = Xq, = Fq, = a,,,io = 
op^X), y = £^|o = p*(X) and X = ^^|o = p*,(X). Then, equation ^ 
holds for any t G (—£,£) : 

^(S{it) ■ ZuK{S{^t)) ■ Zt) ^ ^tiT"" {Yt,Xt)) - T"" {^t{Yt),UXt)). (26) 

Notice that 
d 



dt 



t=o 



;=o' dt 



t=o 



thanks to the hypothesis that G and the fact that D{S{£)) = 5*^(23^). 
Similarly, 

^K{S{^t))-Zt =K,(5(^o))-X, 
at t=o 
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thanks to Remark [G . 141 which imphes that pi^'^^n^ (S^^do)) , X) = k,(5(0) • X. 
Thus, the derivative with respect to t of (|26l). evaluated at i = 0, yields 

(5(C) •X,K, (5(0 )-x) = 

Observe that, thanks to the hypothesis that ^ preserves the torsion, both sides 
of (P7|) are vectors in Tq^TM = TM ®TM . Whence their vertical component are 
well-defined and agree, that is, 

p"l^,(s{0-x, K,{s{0)-x) 

{s{0 ■ T7^,^^,jX,y) . t7^,^^^^^JS{0 ■ X, SiO ■ y)^ . (28) 

Notice that p"" coincides with V : T^M TM, the vertical projection intro- 
duced in Lemma 11.11 In particular, the right-hand side of the previous relation 
coincides with the difference of the vertical projections of each term. Suppose that 
X = Y^:^Zx and y = X^,^^Zx, where X and Y are local vector fields on M and 
observe that 

^°Tj^^^^.J^^y)^^z^{T^{Y,X)), 

Indeed, V(W) = Vy^[/ when W = U^^Vx- In particular, if X and y are both 
tangent to the horizontal distribution T-C^ = V~^(Ota/), then 

^°^*T^.,x.,('^'^) = (Vz.r^)(rx,x.). 

Moreover, the action of an affine jet S{S) on T^M commutes with the vertical 
projection V, that is 

V{S{0-X)=iV{X). 

Altogether, under the hypothesis that X is such that p^ (X) and p** (X) both belong 
to "H^, (I2Z1) becomes 

n(5(0-x,K.(5(0)-x) =e((Vz.r^)(i;,x,)) - (Vez,T^)(er„ex,), (29) 

where we have used the fact that p" o tt* coincides with 11. 

Finally, the assumption that X and 3^ belong to the horizontal distribution 
is not restrictive due to the fact that the left-hand side of ([^^ does only depend 
on Xx, Yx and Zx (cf. Remark |G.10[) . 

■ 

Remark 7.2. Removing the hypothesis that ^ preserves the torsion, we can still 
prove that 

V(7r,(5(0-X,A^,(5(0)-X)) = 

i{{VzT''){Yx,Xx)) - (Vez.T^)(Cr.,C^.). (30) 
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Now we will see that S{^) is /t-invariant if and only if ^ preserves the curvature 
of V. This will thus show that S{^) is a 3-jet if and only if ^ preserves the following 
three tensors : the torsion of V, its covariant derivative and the curvature of V. 

Proposition 7.3. Let ^ G B'-^\M) be a 1-jet that preserves the torsion of V, let 
X = ct(0 '^'^'^ -^x^ o,nd Zx be three vectors in T^M that extend to vector 
fields X , Y and Z. Let also X = Z^,:,y^Y^^Xx in T^M . Then 

n(s{0 ■ X,k(5(0) • x) = - R:^{£,Xx,£,Yx)£,Z^. (31) 

In particular, if ^ preserves the torsion tensor and the curvature tensor Ey , 
the affine extension S{^) is K-invariant. 

Proof. Write iS(^) = jljjb., with b^ (respectively bx') a local bisection of B^^^AI) 
tangent to (respectively Vfj^f^x'))- Observe that the vector fields b^Y and bxZ 
extend the vectors £Yx and £^Zx respectively and can therefore be used to compute 
the curvature, as is done below. 

dR^{Xx,Yx) Zx) - R^{^Xx,^Yx) iZx 
= ^{Vx^VyZ -Vy^VxZ -V^xxuZ) 

^[^^x^'^b^ybxZ — V^Y^Vb^xbxZ — ^ib^x,b^Y]ybxZ'^ . 

The vector fields X and Y may be chosen so that their bracket at x vanishes, or 
equivalently that K{X:t:^Yx) = Y^,^Xx. Moreover, the assumption that ^ preserves 
the torsion implies that the bracket \bxX, bxY]y vanishes as well, as shown 
below : 

[bxX,bxY]y = T:{{bxY)^^{iXx),K{{bxX),^(SYx))) 

= T^iilbx ■ Y^^Xx, n{jlbx ■ X^^Yx)^ 

= Js{0-Y,^Xx,k{S{£,))-k{X,.Yx)) 

= 7:\s{0-Y,^Xx,k{S{S,))-Y,^Xx) 

= i(T'^{Xx,Yx))~T^(iXx,iYx) (Proposition EH) 
= (if preserves the torsion). 

Thus 

dR^{Xx,Yx) Zx) - R^{^Xx,^Yx) ^Zx 
= C(Vx.VyZ) - (y^x^Vb^ybxZ) 
-e(vY,Vx^) + (v^Y^Vb^xbxZy 

The relation ([21]) established in the proof of Proposition l6.4l and applied to C = Jx^x 
which is also en extension of S'(^) under the hypothesis that S{^) is holonomic 
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yields 

= 0(^5(0 • X, c ■ x") - ^{s{i) ■ k(X), c • k(X)^ 

= nf5(0 ■ X, c • xj - nf ■ X, k(C) • xj 

= nf5(0 •x,c-xj -n^K(5(0) •x,c-x) 

= n(5(e)-x,K(5(0)-x) 

For the second equality, we have used the fact that K(7n,i,^Yt,_^X^) = Z**^^ X+^yj;, 
for the third the relation ([74)) in Appendix |F] and for the fourth, the fact that 



Remark 7.4. It is possible to write a more general formula for (|3ip when the 
assumption that ^ preserves the torsion is not fulfilled. 

Corollary 7.5. Suppose the torsion of V° vanishes identically. Then the curva- 
ture R of\I^ may be recovered from Ii31\) by particularizing ^. Indeed, considering 
some linear homothety nia '■ TM — > TAI : ^ aX^ with a ^ ±1, we obtain the 
following expression for the curvature : 

R{X,,Y,)Z, = _-^_n(5(TOa) ■X,K(5(m„)) -X), 

where X, Y, Z G X(A/) and X = Z^^^^F^^Xj;. 

The subgroupoid of 1-jets that preserve the torsion and the curvature can be 
characterized in terms of as follows. 

Definition 7.6. The integrability locus of a distribution V on a manifold W is 
the set of points w G W such that the bracket of any pair of local vector fields near 
w tangent to T> belongs to T> at w, or 

Int(P) = |w eW\A,B (^TV =^ [A, e X>|. 

When w G Int(2?), we also say that T> is fiat at w. 

The following is a classical result of differential geometry : 

Proposition 7.7. Let V be a distribution on a manifold W. If w Q Int(I?), there 
exists an embedded submanifold F C W which is osculatory toT> at w. The second 
order jet of F at w is unique. 

Lemma 7.8. Let s he a symmetry jet on M . Then ^ S Int(I?^) if and only if 
k(iS(^)) = iS(^). In particular Int(I?^) is the set of I -jets that preserve the torsion 
and the curvature, that is Int(2?'^) ~ B{T^,R^) with the notation introduced in 
Definition \8.2\ 
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Proof. Observe that ^ G lnt{V^) if and only if there exists a local bisection b of 
i3(^)(M) that is osculatory to Vl at x = a(^). In other terms, Tb = D{j^b) is 
tangent to Vl ~ D{S o 6) at a; or is tangent to S ob at x. The latter statement 
is equivalent to {j^b)^{T^M) = {S o b)^[T^M) ^ VI that is to jib ^ S{b{x)). The 
latter equality says that the afRne jet S{b{x)) is K-invariant. ■ 

Remark 7.9. Observe that the integrability locus of T)^ is a subgroupoid of 
B^'-^M) that contains / U -/. It is all of B^^\M) if and only if i?^ vanishes 
identically. It would be interesting to know whether Int(2?*) determines W in 
general. 

8 Why there are no other tensors than the torsion 
and the curvature ? 

The purpose of the section is to explain why, if we pursue this procedure no new 
tensor appear. First of all, (non-holonomic) affinc extensions of all order exist. At 
order four, the affinc extension of ^ e B'^^\M) is defined through 

D{&{£,)) = S.^{V\). 
Set S)^(^) '^^ S^^{V{}. The relation 

[2^ s)=]s(o = s.v']s(i) = s.^ 2?i« (32) 

implies that if ^ belongs to the integrability locus of (cf. Definition 17. 6p . then 
S{£,) automatically belongs to that of 2)^. As a consequence, if ^ preserves T, VT 
and i?, then &{£,) is automatically K-invariant (Proposition 18. 9p . This says that 
the K-invariance of 6(^) is not anymore obstructed by some tensor. In addition, 
differentiating the relations (j25p and pip imply that the and K**-invariance 
of S(^) depends on the ^-invariance of Vi? and VVT (cf. Proposition 18. 8p . This 
process can be iterated, showing that if ^ preserves the various covariant deriva- 
tives of the torsion and the curvature, then the affine extension of ^ is holonomic 
at any order. 

In order to write proofs of the results announced previously, the following 
result, due to Tapia. is particularly useful. It generalizes to Lie groupoids the 
well-known theorem of E. Cartan according to which any closed subgroup of a Lie 
group is an embedded Lie subgroup : 

Theorem 8.1. fTapm) / Let G =| M be a locally trivial Lie groupoid. Then any 
closed (algebraic) subgroupoid of G is an embedded Lie subgroupoid. 

Locally trivial Lie groupoids are those Lie groupoids for which the map ax/?: 
G — s- A/ X AI is a surjectivc submersion (see Definition IB. 21 in Appendix [B|) . This 
condition is cer tainly satisfied by B'- ^^M) (cf. Lemma Em . 
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Definition 8.2. Given a family {Qi, ■■■,Qk} of (l,p)-tensors on M, the sub- 
groupoid of B^^\M) consisting of those 1-jets ^ that preserve all Qi 's in the sense 
that 

Q,(exi,...,cXp) = ^(g,(Xi,...,Xp)) 

for all Xi, Xp £ X{M) and all i ~ I, k is denoted by B{Qi, Qk)- 

Corollary 8.3. For any choice of tensors Qi, ...,Qk, the (algebraic) subgroupoid 
B{Qi, ...,Qk) is an embedded Lie subgroupoid. In particular, given a symmetry 
jet 5, this yields a set of embedded Lie subgroupoids B{T), B{R), B{T,\7T, R) , 
etc for T (respectively R) the torsion (respectively curvature) of the associated 
connection V^. 

Lemma 8.4. Given a tensor Q on M , the distribution T)^ is tangent to B{Q) at 
^ if and only if ^ preserves the first covariant derivative of Q. 

Proof. A vector X^ = .^|^^^ in I?| belongs to T^B{Q) if and only if 

d 



^tQ[xl...,Xl)\^^=-Q(^tXl...,CtXl) 



d_ 

dt ^ ' \ ' ''/ t=o at ' \' * ' ^ t=o 
for any paths 1 1— Xf of vectors in Ta(^^^)M. Equivalcntly, 

siO ■ Q*,^o ,0, = g,^^^„ (5(0 ■ sio ■ Xp) , 

where Xi = -^Xj\^_^. Projecting horizontally with respect to and assuming, 
without loss of generality, that Xi is tangent to the horizontal distribution , 
as is done in the proof of Proposition l7.ll we obtain 



where Zx = (^^^(X^). ■ 

Now we prove existence of affine (1, 1, 1, l)-jets. Let ^ G B'^^^M), and let 
denote some local bisection U B xi i-^ a^{xi) S B'^^^M) tangent to at ^, or 
equivalcntly such that j^a^ = S{^), for x = a(C)- Similarly, for each 1-jet a^(xi), 
xi € U, let a|(xi) (instead of aaj(xi)) denote a local bisection tangent to 2?^ at 
the point a^(xi). Iterating this procedure, we obtain a family of local bisections 
Xk ^ a'^ixi, ...,Xk-i){xk), k = 1,2, ... of B^^\M) such that 

- a^{xi, ...,Xfe_i)(.Tfc_i) = a'^~^{xi, ...,Xk-2)ixk-i), 
" ■•■,a;fc-i) = S{a^~^{xi, ...,Xk-2)ixk-i))- 

Proposition 8.5. Let ^ e B'^^\M), with a{^) = x. Then the (1, 1, 1, l)-jet 

is affine in the sense that for any x £ M and X, Y, Z,T G X(M), we have 
qVA'.VyVzTj = V(^xjV(a5(:,i)y,jV(„2(^^^^^)2,j(a^(a;i,X2,a;3)T^3). 
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Proof. Proposition 13.21 implies the following sequence of equalities : 

e(Vx.VyV;jT) = V5x.(a5(VyVzT)), 
ad^i)(vY^VzT) = V,^(,,)y^^(a|(xi)(Vzr)), 

■ 

Remark 8.6. Observe that 

D(e(0) = 5,jPe). 

Remark 8.7. This argument applies to any order. Let us denote fc- (1) a sequence 
(1...1) with k times the number 1. Given ^ g ^^^•'(M) with x = a{£^), the fc - (l)-jet 
S'^'^^HO ~ J2!Ja;i---ixfc_i'*'^(^i: 2;fe-i) is affine in the sense that its fc parts of 
order fc — 1 are afhne and agree and it preserves the fc-th power of V. 

Proposition 8.8. Let ^ £ B^^\M) be such that S{£,) is holonomic and let 

he the affine (1, 1, 1, l)-jet extending ^. Let X £ T^M with x = Ci{C) ^.''^d its Jour 

projections on T^M denoted by Xx,Yx, Zx,Tx. Then 

n(e(0-x,.«,,(6(0)-x) 
n(6(c)-x,A.,(6(c))-x) 

= e(vT.^^(^x,r,,Z,)) - {ViT^R^y^X^,^Y,,^Z,), (34) 

where 11 : T'^M x (p^p) T'^M TM with P = p x x x is defined in a 
similar fashion as for the case ofT^M (cf. ^71^ in Avvendix[F]). 

Proof. The idea is, of course, to differentiate ([^5)) and ([5T|) with respect to ^. 
Strictly speaking, this would not be possible because these two relations are only 
valid for ^'s preserving the torsion. However, thanks to Tapia's Theorem 18.11 we 
know that B{T) is a submanifold and we may thus differentiate the relations ([55)) 
and (p4| in the direction of its tangent space. 

As a first step, observe that the hypothesis that ^ preserves the torsion and its 
first covariant derivative implies (cf. Lemma l8.4p that 

C T^B{T). 

In particular a^,^ restricted to T^B{T) is a submersion. So given any X £ T^M, 
there exists a £ T^B{T) such that 

(X5,X) £%3e)(S(T) X(,,p3)T3M). 
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Let (-£,£) ^ B{T) X(^a.,p^)T^M : t ^ (6,^*) be a path tangent to {X^,X). Then 
the relation 

n(5(6)-Xt,K„(5(6))-Xt) ^ £,t{Q{Zt,YuXt)) ~ Qi^tZuitYuitXt), (35) 

for Xt = pop(Xt), Yt — p* op(Xt), Zt ~ op^(Xt); holds true for any t G (— e, e), 
where {ko,Q) is either (k*, VT) or {k,R). Differentiating both sides with respect 
to t and evaluating at i = yields : 

n, (6(0 • X, ACo. (6(C)) • X) = 5(0 (o*(z,,T„ y,^T„ x,^r,)) 

g*(5(0 • z,^n,siO ■ n.r„5(0 • z*.r.), (36) 

where = ■^p^{Xt)\._„. Because the left-hand side of (|35|) vanishes at < = 0, 
the left-hand side of Q is a vector in Tq^TM = T^M © T^M whose vertical 
component coincides with 

n(6(0-x, KoA&iO)-^)- 

As to the right-hand side of ([36]) . its treatment is essentially contained in the proof 
of Proposition 17. II Indeed, its vertical component coincides with the difference of 
the vertical projection with respect to H'^ of each terms. So assuming the local 
vector fields X, Y and Z to be tangent to the horizontal distribution TC^ , we reach 
the desired equalities. ■ 

Proposition 8.9. Suppose ^ G B^-^^M) preserves T , VT and R. Then the affine 
(1, 1, 1, l)-jet 6(0 is K-invariant. In particular if ^ preserves also VVT and Vi?, 
then 6(0 *s holonomic. 

Proof. Let £, G B{T,VT,R). Then ^ belongs to Int(P^) (cf. Proposition EiHl), 
which implies that 5(0 belongs to Int(£)^) (cf. (|32l) '). Therefore there exists a 
local bisection & in Im5 C S'^'^^(M), thus of type 6 = 5 o 6^ for a local bisection 
bo of B^^\M), which is osculatory to 2)^ at 5(0- Equivalently, the distributions 
Tb and S)^ are tangent at 5(0 and, therefore, the corresponding local bisections 
j^b and 5 o 6o of the groupoid f?'-^'^'^^(M) are tangent at a; = q;(0 : 

U'b),jT,M) = (5,, o 6o,J(T,Af). (37) 

On the other hand, the fact that Tgi^^-^b — S^j^) implies that 

(5,, o6o,J(T,M) = 5*,(2?^) 

and therefore that 6o*jr^A/) = 2?^. Thus ^ says that j^b = 6(0- Hence the 
affine (1, 1, 1, l)-jet 6(0 is in fact a (2, 1, l)-jet, whence is fixed by k. ■ 

Remark 8.10. The subgroupoid B{T, R, V'=T, V'^i?, ...) is the largest subset of 
S'-^^(A/) entirely foliated by the leaves of and containing all of them. 
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9 Distributions on associated bundles 



The groupoid i3^^-'(M) acts on a vector bundle E ^ M exactly when the latter 
is associated to the frame bundle (cf. Remark 19. We describe the horizontal 
distribution induced by a symmetry jet s on M as the collection of — 1-eigenspaces 
of a canonical bundle map TE — > TE over the identity, in the same spirit as for 
the distribution 2?". 



Let p : S^^''(M) X(q j^) E ^ E : e) i— >■ ^ ■ e be a linear groupoid action of 
B^^\M) on a vector bundle n : E ^ M (see Definition IB.7p . Then a symmetry 
jet s induces a linear connection on E through the formula : 

Vx^e = i7r(e*^X^,-s(x) • e,^X^), (38) 



for Xx a vector in T^M and e is a local section of E defined near a;. The bold 
minus sign — stands for m_i o L_/,, where L_/» is the differential of the action 
of the bisection — / on E, that is 



L^i, -.TE ^TE : 

at 



t=o dt 
The dot in formula (l38l) denotes the derived action 



t=o 



p(i) . s(i^i)(M) X(„,^.) TE TE 



(cf. Definition IC.9P and the map tt is defined similarly to ([55)1 . Simply observe 
that 

P:TE^ E X TM : Ve ^ (p(Ve) = e, 7r,^(Ve)) 
is an affine fibration modeled on i?7r(e), the fiber of tt through e. Whence the map 

TT : TE X(p,p) TE^E: (K, K') ^ ^^(14, 1/')- 

It is not difficult to adapt the first part of the proof of Proposition 12.21 and show 
that (l38l) defines a linear connection on E. 



Now given a bisection b of B'^'^^M) and a horizontal distribution P along 6, we 
have two bundle automorphisms over (pb '■ M M : x ^ (3 o h{x) (cf. (|49l and in 
Appendix IB|) : 

$b : ^ : e p(fe(7r(e)), e) 

^-(6,1,) : TA/ ^ TAf : ^ l3,o{a,\^^^J~\x,), 

both over ipb : M ^ M : x (3 o h{x). Consider the map (b.v) '■ TE -> TE over 
defined by 

*(b,i,)(14) = p*(^4^^''™'"*\k), (39) 



where 7r»(Ve) " denotes the lift of 7r,(14) in 2?t,(7r(e)) with respect to a,. 
It is also the unique vector X in 2?ti(7r(e)) for which the pair (X, Ve) belongs to the 
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fiber product TG '><[a,,n,) TE which is the source of the map p^. 

It is easy to see that the map [b,v) preserves the vertical tangent space T'^E. 
coincides with ($(,)* vertically and with ^Pib.v) horizontally, that is to say 

r *(b,i,)oi- = i-o($fc), 

where i'^ : E — > TE denotes the canonical inclusion. In particular, an invariant 
Ehresmann distribution on a groupoid G that acts on a fibration tt : E M 
induces a representation of the group of bisections of S'^^(M) into the group 
GL{TE) of fiberwise linear diffeomorphisms of TE. 

Notice also that if V (respectively V) is a horizontal distribution along a 
bisection b (respectively b') respectively, then 

*{b,I?) o *(6',D') = '^{b-b'.V-V')- (40) 

Now suppose b = —I and V coincides with the distribution on B^^\M) 
induced from a symmetry jet s on M. Consider the bundle map 

dcf 

0(6,17) ~ ^(fc,Tb) ° '^{b,V) ~ o 4'(b_p) = *(/,T6-I5)- 

It is a bundle map over the identity on E which coincides with the identity on 
T'^E and with the map 'ilj(b,Tb) ° = 4'{b,v) horizontally. Since b ■ b = I, 
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Tb-Tb = TI,V-V ^TI (cf. Proposition lEU and Tb-V = V-Tb, the map 9(6,1,) 
is involutive : 

0(6,-D) ° 0(6,-D) = *(b,T&) ° *(&,-D) ° *(6,Tb) ° *(b,P) 
= '^{I.TbVTbV) 

= *(7,T/) = id. 

This imphcs that each tangent space T^E sphts into a direct sum of cigenspaces for 
the eigenvalues +1 and —1. Of course T'^E is contained in the +l-eigenspace of 
0(f), X))- Moreover, since ipib.Tb) = id and '4'(b.v) = —I^ we have 7r*o0(j -p) = — /ott*, 
which imphcs that T^E coincides with the +l-eigenspace and the — 1-eigenspace 
is thus a horizontal distribution denoted by H = 'W on E : 

n = Keiie^h.v) +!)= Im(-e(b,i,) + /) 

Remark 9.1. The groupoid B^^^M) acts linearly on a vector bundle n : E ^ AI 
if and only if the latter is associated to the principal bundle of frames of TM. 

Lemma 9.2. Let s be a symmetry jet on M and let V be the corresponding dis- 
tribution on B^^\M). Then the horizontal distribution T-L^ on E is the canonical 
horizontal distribution associated to the connection (cf. Remark l 1 . 2\) . 

Proof. Firstly, let us show that the map 'i'(b.v) coincides with the p'^'^^-action of 
s on TE, that is, for any Ve £ TeE : 

^ib,v)iVe)=p^'-''>{s{7r{e)),E), 

Suppose TT^{Ve) = X e T^M. Then, 

(cf. Remark |C.10[) . It is proven now that a vector Ve in T^E is in the eigenspace 
of ^(b.x)) for the eigenvalue —1 if and only if V^^ e = 0, for = 7r*(Ve) and e a 
local section of tt : — > such that e^^^X^ = Ve : 

V3f,e = ^ni^e^^X^, (-s(x) • e^^X^)^ = 

if and only if 

m^i^(^s{x) ■ e^^X^^ = -e^^X^, 
or equivalently, if and only if 

Since V^^ e = characterizes vectors Ve in Ti^, the claim is proven. ■ 
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10 Levi-Civita connection 



Given a pseudo-Riemannian metric 17 on a manifold M , it is well-known that there 
exists a unique torsionless affine connection V on M that preserves the metric g 
in the sense that V g — Q. Let us reprove this fact in terms of symmetry jets. 

Consider the vector bundle it : S'^{M) — >■ M, consisting of covariant symmetric 
2-tensors. The groupoid i3(i)(A/) naturally acts on S^{M) : 

with • h)iXy,Yy) - h{C-^Xy,^-^Yy) X y , Yy £ Ty M , V = (3 {£) ■ 

Now, any (holonomic or not) symmetry jet s : A/ — > b')1'^\m) induces a 
horizontal distribution V = T)^ along the bisection b = —I and an involutive 
vector bundle map 5'(_7,-d) (cf. ([39]) ) : 

: TS^{M) ^ TS^{M) : X,, ^ (^;i:{XZ}^''"^'"'\x,,) . 

covering the identity map S'^{M) -> S'^{M). Notice that in this case ^(b^Tfi) = id, 
hence ^'((,,15) = 0(f),x))- Any leaf L of the horizontal distribution 

by (— l)-eigenspaces of ^(t.v) such that it\l : L ^ M is a diffeomorphism is a 
parallel symmetric 2-tensor. 

Remark 10.1. Notice that a pseudo-Riemannian metric h on M — or for that 
matter any covariant tensor on AI — determines the subgroupoid O'^-* of B^^^A-I) 
consisting of 1-jets that preserve h. It contains — / as subgroupoid (provided h is 
a 2p-tensor). Since O'^^'' is closed, it is necessarily a Lie subgroupoid (cf. Tlieo- 
remlHH]). Denotes by 0(i'i)(M) (respectively o'jl''^\M)) the groupoid of 1-jets of 
local bisections of O^^^ (respectively ©(^'^^(M) n B|^^'^^(M)). Now if a symmetry 
jet 5 on A'l takes its values in 0^iI'^\aI), then h is parallel for the connection V^. 
Indeed, the map "ift.v obviously preserves the tangent spaces to the section h of 
S'^(Af) — >■ M. Conversely, if a symmetry jet s is such that h is parallel for V^, 
then s{M) C O^^^M). The problem is to understand whether ©(^^(Af) supports 
a unique distribution along — / which lies in £ n TO^^)(A/). The proof of the next 
proposition goes along a different path. 

Proposition 10.2. Given a pseudo-Riemannian metric h, there is a unique holo- 
nomic symmetry jet s such that the (—l)-eigenspace of \E'(_/,i)») in Th^S'^{AI) 
coincides with h^^{TxAI) at all points x in M. 

Remark 10.3. A relatively convincing argument, though not a complete proof, 
in favor of the previous statement is that the dimension of the manifold of 2-jets 
over —Ix and the dimension of the space of 1-jets of symmetric 2-tensors over 
hx coincide, a fact that is specific to pseudo-Riemannian metrics (as opposed to 
symplectic structures for instance, see Remark 110.41 below) . 
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Proof. Fix a point x in M. Let s^{x) = jls'^,s{x) = j^Sx be two 2-jets extending 
—loc- Then s(x) — s°(x) may be thought of as a bilinear map T^M x T^M — )- T^M, 
or equivalcntly a linear map A : T^M End{TxM,TxM) which is symmetric 
since both So{x) and s{x) belong to B^^'(M) (cf Remark [E. 191) . 

Of course a 2-jet ^ extending — induces an involution ^E*^ of Th^S'^{M) 
whose (— l)-eigenspace is a horizontal n-plane {E~^^)h^. The latter corresponds 
to the 1-jet 7~(^) = j^h of some local section h of S'^{M) extending hx through 
{E^^)h^ = h^^{TxM). Our aim is to show that the map 7" is a bijective corre- 
spondence as this implies that if is a pseudo-Riemannian metric on M, then 
s(a;) = T~^{jxh) defines a holonomic symmetry jet for which h is parallel. 

Let jlhP = T{5°{x)) and ilh = T{5[x)). Then for any G T^M, the vector 
h,:^{Xx) — h^^{Xx) is canonically identified to an element, denoted h{Xx), of the 
fiber of TT over x, that is to a symmetric tensor. More precisely, for any lift Y^^ of 
Xx in Th^S'^{M), we have 

KXx) = -r,^, -i(-sO(x)+/) -F;,^ 

= -\Ux)-Yu^^B^{x)-Yu}j 

= -lP*,-....J{s^)*AXx) - {sl)*AXx).Yn^-Yu}j 

= -\{hx{A{Xxy,-) + hx{-,A{Xx)-)). 

This shows in particular that for 5^{x) and Xx fixed, the correspondence A{Xx) i~> 
h{Xx) is a linear map between vector spaces of the same dimension. When hx is 
non-degenerate and A is symmetric it is also injective as we prove now. Suppose 
that for all Yx,Zx G TxM, we have 

hx{A{Xx)Yx,Zx) + hx{Yx, A{Xx)Zx) = 0. 

In other word the /i^j-adjoint of A{Xx) is -~A{Xx)- Now, let us suppose that A is 
symmetric. Then 

hxiAiXx)Yx,Zx) = -hx{Yx,A{Xx)Zx) = ~hx{Yx,A{Zx)Xx) 
= hx{A{Zx)Yx,Xx) = hx{A{Yx)Zx,Xx) 
= -hx{Zx,A{Yx)Xx) = -hx{Zx,A{Xx)Yx), 

which implies, by symmetry of hx that A vanishes. ■ 

Remark 10.4. Let a; be a symplectic structure on M . Then a similar construction 
yields a correspondence between 2-jets extending —Ix and 1-jets of closed 2-forms 
extending a fixed one uJx- On the one hand, the dimension of the space of 2-jets 
in p^'^{~Ix) is n^(n -t- l)/2. On the other hand, the dimension d the space of 1- 
jets of closed forms, that is j^w such that {duj)x = coincides with the difference 
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between the dimension of the space of all jets at x of 2-forms, that is Ti?{n — l)/2, 
and the dimension of the space of 3-forms at x, that is n{n — \){n — 2)/6. Hence 
d = n{n + l)(n + 2)/6, which is precisely the dimension of the space of totally 
symmetric 3-tensors at x, whose we know parameterize the space of symplcctic 
torsionless affinc connections [Tondeur] . 

11 Relation with Lie algebroid connections 

We briefly recall Atiyah's sequence which is another way to describe a linear con- 
nection and which yields the motivations for the definition of a Lie algebroid 
connection. We refer to jdaSilva-Weinstein] for an elegant introduction to this 
topic. A lie algebroid connection is then compared in the case of B'^^^M) to a 
symmetry jet. 

To a principal fiber bundle n : P ^ M with structure group G is naturally 
associated a Lie groupoid, called the gauge groupoid, as described hereafter. Its 
set of objects is defined to be Gp = (Fx P)/G, the quotient oi P x P through the 
diagonal action of G. Equivalently, Gp may be described as the set of equivariant 
maps between any two fibers of P. The image by the source a (respectively target 
/3) of an equivariant map ^ : Pa; — >■ Py is a; (respectively y). Finally, the product is 
the composition of maps. Notice that for the principal bundle tt : J-{M) M oi 
frames of TM, the gauge groupoid is precisely S^^'(M). 

The Lie algebroid of the Lie groupoid G = B^^\M) (cf. paragraph following 
the Definition IB.SP coincides with the set TF{M) / G of G-invariant vector fields 
on T{M) with anchor induced by the projection tt* : TF{M) — > TM. Indeed, 
the differential of the action p of the groupoid S^^-'(M) on the bundle of frames 
TT : T{M) — >■ M allows one to associate to each element X : M ^ T^{m)G^ in the 
Lie algebroid of G a vector field A on J-{M) through 

In this case the anchor is surjective. Lie algebroids with surjective anchor are 
called transitive Lie algebroids. 

Now a principal connection on tt : J-{M) — > M is an invariant horizontal 
distribution on F{AI). Equivalently, it is a section of the anchor p : L TM. 

Definition 11.1. A connection on a transitive Lie algebroid is defined to be a 
section of its anchor or a splitting of the exact sequence of vector bundles 

O^Kerp^ L^TM ^0. 
The induced map L — > Kcr p is called a connection form. 

To rely the Lie algebroid point of view to the the symmetry jet point of view 
on a linear connection, we will describe below how a Lie algebroid connection on 
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the Lie algebroid of B^^\M) directly induces a symmetry jet. 

Let : TM T^(m)G^ be a Lie algebroid connection. The right- invariant 
distribution on G associated to the image of is denoted hereafter by . Define 
a horizontal distribution on G along M by 

JV' = {a{X) + F{cr{X));X G TM}, 

where F : TG^ TG" is the flip automorphism, defined by 

F : T^G'^ ^ T^G^ : Y ^ Y - a^{Y) (41) 

that exchanges the tangent space to the a-fibers over a point in M with that of the 
corresponding /3-fiber. ft is also induced by the canonical isomorphisms T^G" ~ 
T^G/Tj:M ~ T^G/^ with the normal bundle to TM. Notice that b(A/'^) = 
(the map b is defined in Remark lE.f[) . Let b denote the bisection — / of B^^\M) 
and let Lt denote the diffeomorphism of G induced by the left action of b : 

Lb : G ^ G : e ^ fo(/?(0) ■ e 

Then V = {Lb)4JV'') is a horizontal distribution along b that is contained in £ 
because b(X'^j^) = b(7V^^^^j) = —Ix or equivalently, a symmetry jet. 

Conversely, let 2? C f be a horizontal distribution on G = B^^\M) along the 
bisection b = —I, then T> induces a Lie algebroid connection cr as follows. First 
translate V to a. horizontal distribution N'^ along £{M) via : 

= {Lk).{V). 

Notice that h{N'^ ^(x)) = -I^.. Then define 

a'^ -.TM ^TG^ -.X^Uia. )-^{X) + x). 
One verifies easily that a is indeed a Lie algebroid connection : 



{a, o a'^){X) ^ \a,({a,^ 
(/3.oO(X) = i/3,((a,^ 



J-\X) + X) = \(X + a^^X)) ^ X 
J'HX)+x)=\{-X + fi^M)) 



= 



Finally, one can verify that a Lie algebroid connection on B^^\M) and its cor- 
responding horizontal distribution along — / are two realizations of a same linear 
connection. 

To go directly from a Lie algebroid connection on G = K(i)(M) to the corre- 
sponding global distribution T) on B^^\M), one can proceed as follows. Consider 
the map 

ip^p : a*TM TB^^\M) 
(e, X) = m),^ o aP{X) - (i?e),„ oFoa^o ^(X), (42) 
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The image of is an invariant horizontal distribution (see Figure 5). Let us check 
that the image of indeed consists of eigenvectors for the eigenvalue — 1 of the 
map ^/jj, ^ S B'^^^(M') defined in terms of T) along h = —I by ([T5|) in Section[31 Let 
X € T^M, then a{X) = 1/2{X + X), where X stands for the lift with respect to 
a* oiX in A/'e(^). Then F{a{X)) = l/2{-X + X). Thus 



(M).A'^iX))-{R^)^^{F{<j{^X))) 



-X 



iL^%^{aiX)) 

Oe.(i(X + X) 
o^-[l{-x-x 



-X + iX-(^-{R^y,^{F{a{^X)))) 



,{-X-X) 




{L^).{a{iX)) 




V S.X X X M 

Figure 5: The distribution 2? on Z?^^-* from the map a 



Remark 11.2. For a general groupoid, the data of a Lie algebroid connection 
is not equivalent to that of an invariant horizontal distribution. Indeed, con- 
sider for instance the pair groupoid M x M on the manifold M . The anchor 
p : TxG^ — TxM of the associated Lie algebroid being an isomorphism, its inverse 
yields a canonical Lie algebroid connection. In contrast, the data of an invariant 
horizontal distribution I? on M x M is equivalent to that of a groupoid morphism 
over the identity or, in other words, a global trivialization 
of TM. This implies that the manifold M is parallelizable, which is a noticeable 
restriction on the type of pair groupoids that admit an invariant Ehresmann dis- 
tribution. 

In general, the groupoid morphism M x M —5- B'^'^^M) over the identity is the 
data that is missing in a Lie algebroid connection. More precisely, a Lie algebroid 
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connection endowed with a Lie groupoid morphism tp : G ^ B^^\M) over the 
identity M — > M is an invariant Ehresmann connection. Indeed, the formula (|42|) 
makes now sense if ^ acting on T^M is replaced by 



12 Geodesies and parallel transport 

Let s be a symmetry jet, let S be the corresponding afhne extension section 
and T)^ the associated invariant horizontal distribution on S(^)(M). Let also 
(7^ : TM — > TB^^\MY denote the corresponding Lie algebroid connection and 

— i o its dual Lie algebroid connection. The right-invariant distribution on 
B'^^\M) associated to the image of fi" (respectively a^) is denoted hereafter by 

(respectively E''). 

We consider smooth paths ^ : I M defined on some interval / containing 
that are in addition regular, that is d'j/dt does not vanish. Let T be some distri- 
bution defined on B^^^M) for which a* restricts to a fiberwise linear isomorphism. 
Then a hft of 7 through ^ e B^^^M) is a path 



defined on an eventually smaller interval /' C /, still containing 0, such that 

- aoL{j) =7, 



Such a lift is the flow line through ^ of the vector field obtained by lifting the 
velocity vector field of 7 to a vector field tangent to T and defined on a~^{'j{I)), 
so it certainly does exist, although not in general on the entire interval /. 

Given an affinc connection V, a common way to think about the induced 
parallel transport is as follows. Given a path 7 : S / — )• M, denote by 7x(i) the 
lift of 7 through the vector X in T^-M tangent to the horizontal distribution H on 
TM. The parallel transport along 7 is then defined to be 



Lemma 12.1. Let ^ : I ^ M be regular path in M with 7(0) = x. Then the lift 
Lf( Aj) is the parallel transport along 7. In other words, 




(t) E r L{-y){t) for all t e r, 



- L(7)(0)=e 



T^t) : r^(o)M ^ T^ftfM : X ^ -f^{t). 



L%^{l){t)=T-<{t). 



Proof. Recall from Section |9] the description of % as cigenspace : 



n = Ker(e(b,P) + /) = Im(-e(6,i,) + /) 
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and notice that 



since Tb ■ V = Af. In other terms, the lift of a vector Y £ T^M to a vector F 
tangent to H at X admits the following expression : 



Y 



Qib,v){Y)+Y 
Y^' 
Y^' 



.(1 



(x) 



pl^^(a"(y),Ox). 



-Y) + p 
hY, Ox) 



(1) 



hY, Y] 



This implies that the tangent vector to the path if(°-)(7)(i) • X belongs to H. 
Indeed, set 



Then 



^W=ie(.)(7)W- 

d 



= P 



Pl'^("^*{^"(j)'0r(t)},0x) 

pl^' ^o-"(^), pl^^ (OT-(t), Ox)^ (since p is an action) 



(t)-x 



e n. 



Observe that in the case of the distributions (and E^), the lift of a path is 
defined on the entire interval /. This is due to the right-invariance of E" ■ 

Consider now a path 7 : / — !> A/, with 7(0) = x. Then 

(i7 



-w=(iS)(7)w)-^ 



is a path in T^^M, the inverse parallel transport along 7 of Conversely, given a 



path ?;:/—> T^M, it is associated to a unique path 7 = I{v) {I for "integration") 



in A/ such that the inverse parallel transport of ^ along 7 yields v. The path 7 



is constructed as follows. First consider the path 

a'^ ov : I ^Y.^, ,. 

It can be left-translated along the a-fiber of x into a path of vector fields in T,^ 
along a~^{x) which can be flipped with respect to and become a path of vector 
fields in tangent to a~^{x). Indeed, it follows from (|42p that the flip of T,^ with 
respect to is E". The flow line of the latter through x, denoted 7(t), t E I' C I 
is the parallel transport along the path I{v){t) = 7 (<) = /? o 7(i). 

These observations allow us to characterize geodesies in terms of ti, hence, 
indirectly, in terms of s. 
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Proposition 12.2. A path j : I ^ M is a geodesic if and only if its associated 
path 7 : / — >■ r^(o)Af is constant. In particular, for any X € TM , the geodesic 7x 
tangent to X at is the path associated to the constant path 1 -^{t) = ^ ■ 

Notice that the homogeneity property ^cx{t) = lx{ct) appears clearly in the 
construction. 



Proof. This follows readily from Proposition 112.11 and the characterization of 
geodesies as paths with constant velocity. ■ 

Lemma 112.11 also yields an interpretation of the lift with respect to of a 
path in M . 

Lemma 12.3. Let •y : I ^ M be a path in M and ^ : T^^^q-jM T.yM a linear 
map. Then the a-lift of y tangent to D and passing through ^ is the path : 

Lfdm ■■ T^(t)M -> Ty(t)M : X ^ T^'(<) o e o {t'' {t))-\X) , (43) 

where 

y = i(eo(r^(i))-^(^)). 

Proof. Setting 7 = L|'(7), the relation to be proven is 

l{t)=r''\t)oio{T'^{t))-\ 

or, in other terms, 

^{t) o t'^ [t) = t'^' [t) o (44) 

Equivalently, the path 7 o t''' is everywhere tangent to the distribution S". Fix 
t € I and set 



dt It" 



- X2 

The relation (|44)) becomes 

Xi- X2 e 

for all t ^ I, or equivalently, 

(Vt)--(*))*(^i-^2)elma". 

Remembering the characterization of T)^ as the distribution consisting of the traces 
in £ of the (— l)-eigenspaces of the map ip (cf. (ITS]) ), we know that 

L ■ Xi ■ R = —Xi, 
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where L (respectively R) is the a-hft (respectively /3-lift) of (i*Xi = "f{t){X) 
(respectively a^^Xi = X) in "D^fty Equivalently, 

Xi-R^i4L)-~Xi, 

and since i»(L) = —L, 

Xi-R = -{L-Xi). 
Moreover, because X2 belongs to the right invariant distribution S", 

X2 = (i?.-,(t))*a"(X) = (ix + i(m_i)*i?) • 0..(t). 

Therefore, using the linearity of the differential of the multiplication m in B''^\M), 
we compute 

(^T^(t)-r^(t))*(^l -^2) = Xi ■ X2 ■ 0(^(4).^^(t))-l 

= ■ (iX + i(m_l)*i?) • 0^7(t) • 0(S^(t).T-7(t))-l 

= (5^1 + 5^1) ■ {iX + i(m_i),i?) • 0(^(*))-i 
= • X) + \{Xi ■ (m_i),i?)) • 0(^(t))-i 

- (m_i)4L.Xi)j • i - 

-i((m_i),(L-Xi)-i*Xi) 
= }fl{t){X) - \{m_i),L 
= a'^miX)) 




13 Geodesic symmetries and locally symmetric 
spaces 

Let s be a symmetry jet on Af, we would like to describe the geodesic symmetries 
of the affine connexion directly in terms of V'^ . More generally, for each ^ G 
i3'^-'(Af), we construct hereafter the extension of ^ through geodesies : 

■■ Uc^iO C^/3(«) : cxp^(0 ° ^ ° exp;(0' 

where J7a(j) and ^Pii) some neighborhoods of a{^) and /3(^) respectively. Of 
course, the geodesies symmetries are the maps Sx = f-i^, x € M. We would like 
to show that the maps are the best candidates afRne transformations, that is, 
when S^'^^\£) is afhne, it coincides with Jq^^jV'^- 

Let ^ be a fixed element in B'^^^M). li j : I ^ M is a regular path passing 
through a(^), let ^(7) = LV{'y) be the lift of 7 with respect to a tangent toT> = 
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passing through ^ and defined on some subinterval /' C /. Given X e TM, let 
denote the maximal geodesic through X. The homogeneity property for geodesies 
implies that the image of L(^x) is independent on X in RX. Define 65 to be the 
union over all vectors X in the sphere ST^M oiT^M (relative to some Riemannian 
metric on M) of the images of the paths L{^x)- Near ^, the set 65 is an embedded 
submanifold tangent to T)^ at ^, and, in fact, a local bisection. Indeed, the sphere 
STxM being compact, a common domain /' may be chosen for the various lifts 
I/(7x)- The submanifold 65 is a best candidate leaf of T)^ , that is, if there exists 
a submanifold of B^^\M) that is tangent to up to order fc, then 65 is such a 
manifold. It follows easily from Proposition 112.21 and Lemma [12.31 that is the 
set of linear maps : 

T^,(,)M ^ T^,Mt))M : X' ^ t^«-) (t) o ^ o (r^- 

where t varies in /' and X in ST^M. This is almost (p^, but not quite yet. More 
precisely, the base map is ip^. So to obtain ip^, we apply the bouncing map b to 
T&j (cf. Remark IRT|) . that is. 

In particular, the geodesic symmetries Sx, x € M are realized as local bisections 
in e(i)(M) as follows : 

,fsx = b(T5_/J. 

Notice that if is tangent to up to order k, then j^tp^ is tangent to up to 
order k — 1. To summarize, we have proven the following proposition. 

Proposition 13.1. To produce j^(p^, a-lift each geodesic through x to a path 
tangent to passing through ^ then make it a holonomic bisection via b. In 
other terms 

jVc = b(T5e). 

This procedure is relatively simple. The distribution T)^ does not admit n- 
dimensional leaves in general. Nevertheless, it always has 1-dimensional leaves 
and gathering the ones passing through a given ^ and that project via a onto 
the geodesies through a{x) (a natural family of paths filling a neighborhood of 
x) yields a bisection whose projection onto M x M is the graph of ip^. In case 

docs admit a leaf D through ^, it will coincide near ^ with which becomes 
automatically a holonomic bisection since T)^ <Z £. 

Remark 13.2. When ^ £ IntP^ = B{T,R) (cf. Definition [T^l) , then b^ is oscu- 
latory to T>^ and when ^ G 6(T, VT, i?), then j^ip^ is osculatory to T)^ . It seems 
important to make the following distinction. If a bisection b is tangent to T)^ up to 
order fc, that is 3^l)b = S^''^'^\b{x)) then the holonomic bisection b(T6) is tangent 
to only up to order fc — 1, unless b is, in addition, tangent to the holonomic 
distribution £ up to order fc + 1, in which case the bisection h{Tb) is tangent to 
up to order k as well, that is S^''^'^\b{x)) is holonomic. 

It is worthwhile noticing that Emmanuel Giroux has shown in jGiroux] that 
a plane field admits near each point a canonical 2-jet of path-osculatory surfaces 
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(our terminology, to distinguish from osculatory). Path-osculatory, means that 
each path through the point in the surface is osculatory to the distribution. In the 
context of the present paper, wc obtain for each ^ € B^^\M), a canonical surface 
whose second order jet at x coincides with Giroux's osculatory surfaces. 

Now it is easy to show the well-known result that for a locally symmetric space, 
that is a space endowed with a torsionlcss affine connection for which the curvature 
tensor is parallel, the local difFeomorphisms (pj is affine if and only if ^ G ^{R) 
(cf. |Helgasoii| , Lemma 1.2. p. 200). In particular, for those spaces — and only 
them — each geodesic symmetry is affine. 

Proposition 13.3. Let s be a symmetry jet whose associated connection V is 
locally symmetric, that is satisfies = and Vi?^ = 0. Then through any 
^ G B^^\M) that preserves the curvature passes a n-dimensional leaf of . 

Proof. Consider the Lie subgroupoid B{R). Since Vi? = 0, Lemma [8.41 implies 
that is tangent to B{R) along B{R). Moreover, Lemma [7.81 implies that T)^ 
in involutive along B{R). Hence the Lie subgroupoid B{R) is foliated by leaves 
oiV^. ■ 



14 Relation with Kobayashi's admissible sections 

A theorem due to Kobayashi [Kobayashi] asserts that there is a bijective corre- 
spondence between torsionless affine connections and admissible sections of the 
bundle of 2-frames J^'^^^M) ^^(^^(A/). Since jets occur in our construction as 
well, it seems relevant to compare the two approaches. This section contains a 
brief description of Kobayashi's theorem, interpreted in terms of affine extensions 
as in [Helgasoii] , and a direct correspondence between Kobayashi's admissible sec- 
tion and our symmetry jet. 

Given a manifold M of dimension n and a non- negative integer fc, the bundle 
of k-frames of Ad, denoted tt*^ : T'^^^M) AI is the set of fc-jets at of local 
diffeomorphisms K." — > Ad defined near 0, endowed with the canonical projection 
that sends a jet j^f to /(O) e Ad . Observe that the bundle of 1-frames is the usual 
bundle of frames of Ad. There are obvious maps tt : ^■(''(A/) ^ T^^^Ad) for 
each pair / > k. The group G'i(n,]R) acts on the right on each T^'^\Ad) through 
j^f . A = j^{f o A). A section T^^^Ad) T^'^\Ad) is said to be admissible if it 
is equivariant with respect to these Gi(n, R)-actions. 

The main ingredient of this correspondence is the property of uniqueness of 
affine extension applied to R" endowed with the trivial connection Vo and Ad en- 
dowed with a torsionless affine connection V (it is a consequence of Proposition l3.3l 
applied to the disconnected affine manifold [M UM", VU Vo)). It ensures existence 
of an admissible section : F^^\Ad) T^'^\Ad) that maps ^ : R" Tf(^o)M to 
the unique affine 2-jet that extends it. It is indeed equivariant with respect to the 
GL{n,R)- actions on J^^'^\M) and T^'^\Ad) since s^(0 • A is an affine 2-jet that 
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extends o A, implying the relation s^(^) - A = s'^ {£, o A). 

Conversely, given an admissible section s, it directly induces a linear horizontal 
distribution on TM, hence an affinc connection V. Indeed, let ^ S J^'^-'(M). 
Since s(^) = Jq/ for some local diffeomorphism / : M" M defined near 0, one 
may define for X G Tf^Q^M 

where Hz denotes the natural horizontal plane in T^TM". The GL{n, ]R)-invariance 
of guarantees the independence of H on the initial choice of a basis ^ in T^M 
as well as the linearity of Ti, in the sense that HaX+bY = ''Tia*i'Hx) +* Tnh*(T-LY)- 

One can alternatively observe, as is done in [Kobayashll that the puUback of 
the fJZ(n, M)-component of the canonical form 0^"^^ on J^'-'^^(M) via s yields a con- 
nection form on J^^^^(A/). 

Now we have two natural ways to think about torsionless afRne connections, 
one in terms of admissible sections and another one in terms of holonomic symme- 
try jets. It is tempting to close the triangle and show how to induce a symmetry 
jet naturally from an admissible section and vice-versa. So doing, we are going 
to enlarge the Kobayashi's correspondence to connection with torsion. As can 
be expected it simply consists in allowing admissible section to take values in 
T^^^^^M) the set of 1-jets of sections of ^ M. Observe that T^^^^'>{M) 

is a bundle over AI for the canonical projection 7r'^'^^(j^e) = n^{e{x)) and that its 
elements are also horizontal planes tangent to J-^^\M), the correspondence being 

Consider the groupoid action : B^^^M) X(„_^i) T^^\M) ^ T^^\M), 
its derivative 

and the induced groupoid action 

^(1.1) ; s(i-i)(A.f)x(„^,a,„)^(i^i)(A/) ^ : 0>, j» ^ = jUb-e). 

Observe that 

and that B'^^\M) and B'^^'^\M) act on F^^\M) and J"(i'i)(M) respectively 
through 01/(71, M)-equivariant maps. More is true : 

Lemma 14.1. The action p^^'^^ of B\^'^\m) on T''^'^\M) is simply transitive, 
that is, given two elements jl^Si and J^^^z *^ J-''^'^'^ (M) , there exists a unique 
element in B^i^''^\m) mapping j^^ei on jl^e2- It is denoted by m(j^^ei, j^^e2). 

Proof. Define ^ to be the linear isomorphism T^^M — > T^^M that maps the basis 
ei(xi) to e2{x2). Let also : Opjx'i} Op{a;2} be a local diffeomorphism of M 
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such that jl-^ip = ^. The relation jl_^b ■ j'^^ei = jl2e2 is satisfied by b defined by 

b{xi)(ei{xi)) = e2{ip{xi)). 

Moreover, fi-om its construction belongs to s|j^'^^(A'/). Suppose j^5o G B^,^'^\m) 
also satisfies jl^bo ■ J^^ei = jx^e2- Then jl.-^{b~^ ■ b) fixes j^-^ei. In other terms, 

DUl^ib-^ ■ b)) ■ Dijl^e,) - Dijl^e^). (45) 

LetX e T^,M and let r denotes the a*-lift of X in L>(ji^(fo-i-fo)) C T,^^,)B\^'^\m), 
then Y = X+A with A = ^\^^^& Ker(a* x ~ End(r;j;i A/). Let also Z denote 
the lift of X in DQ'^^ei). Then the relation implies that 

which implies that A vanishes. This holds for any X G T^-^M and thus 

D{jl^{b-'-b))^T.,,M. 

■ 

Now, an admissible section s induces a symmetry jet s through the relation : 

s{x) = TO(s(e2;),s(-e2:)), 

where is some element in 7^^^^(M), whose choice does not affect the value of 
'm{s{ex),s{—ex)) because m is G'L(n, R)-invariant. Moreover, its first order part 
p{s{x)) is —Ix- As s(x) consists of affine (1, l)-jets, the induced connection 
coincides with V*. 

Conversely, given a symmetry jet s, we obtain an admissible section s as follows. 
The distribution along — / associated to s induces the distribution E^-^ on 
J^'^^^(Af) consisting of eigenspaces for the eigenvalue —1 of the induced involution 

^ : TT^^iM) ^ TT^^Hm) : B,^ ^ pl^' (x''-^^ , B,^ • (-/)), 

where X = tt\ (Be^)- The vertical tangent space Ker(7r^)H. consists of fixed 
vectors by ip. Besides, 

hence E^-^ is n-dimensional and transverse to tt^. Define 

s : ^(i)(A/) ^ ^(i'i)(M) : e ^-> s(e), 

such that s(e) = j^e if and only if D{j].e) ~ {E'ti)e- When s is holonomic, s 
takes its values in T'^'^^AI) C 7^'^'^'(Af) thanks to the following construction. 
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First observe that if s(jo/) is the unique afHne 2-jet extension (with respect to the 
connection associated to s) of some 1-jet jg/ S J^^^^(Af), then s(/(0)) • s^Jq/) 
is still an affine extension, namely the affine extension of —j^f- Now because s is 
admissible, s(— jp/) = sOo/) • (—1), where s{j^f) ■ {—I) refers to the action of the 
element — / 6 GL{7i,M.) on J^*^^)(M). Whence s{j^f) has to satisfy the following 
implicit relation : 

5(/(0))-<7oV)-47oV) •(-/), (46) 

Since the GL(ri,, R)-action commutes with the action of B'^^^M), the previous 
relation is equivalent to 

s(joV)-^-s(/(0))-s(ji/)--/, (47) 

where if sHq/) = Jq/, then s(jo/) = j|(Q)/^^, which can be solved by means of 
Lemma FE. 141 Indeed, let 6i be any element in F^'^^M) that extends JqJ . Then 

0r'-s(/(o))-0i = ?7x, 

for some 2-jet r]x of local difFcomorphism of M" extending — /. Solutions to (|47| 
are in bijective correspondence with 2-jets 9 of local diffeomorphisms of M" that 
extend / and satisfy 

e-n,-e-^ = -/, 

or equivalently 

-i-e-r,.,^e. 

Supposing 6 ~ j^f and 77^; = j^/i, Lemma lE.141 implies that 

d^fiXx) - d\~I ■ f ■ h){Xx) = -~(ff{Xx) + c^2(_/^)(X,). 
Hence <f f = \(P{-h). ■ 



A Notations 

The following standard pieces of notation are frequently used in the text : 

1. For a manifold N , the canonical projection TN ~^ N \s systematically 
denoted by the letter p or sometimes by the symbol . In particular, 
p : T'^M -> TM is the projection of TN onto TV for = TM. 

2. The canonical inclusion of a manifold into its tangent bundle as the zero 
section is systematically denoted by the letter i. 

3. When tt : M — is a submersion, : T^AI ^ TM denotes the canonical 
inclusion of the sub-bundle T'^AI consisting of vectors tangent to the fibers 
of TT in TM. 

4. If TT : M N is a submersion and (p : Nq '-^ is an immersion, the notation 
T'^^N stands for the set of vectors tangent to the fibers of tt and belonging 
to p-\^{No)). 
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5. Given a fibration tt : E ^ B, the fiber tt ^(6) is denoted by or Ei, when 
unambiguous and the natural inclusion of EJ^ in the total space E is denoted 
by q : El ^ E. 

6. For a vector bundle tt : E ^ B, we have a natural inclusion 

d{e + te') I 



^ T^E : e' ^ 



for each element e in Notice that = (iJJ^jg'))*^ after identification of 

Te-E^(e) with ^^^(e). 

7. If TTi : A/i — > and tt2 ■ M2 — > N are two submersions. Then Mi X(^j jr^) 
7\/2 denotes the fiber-product manifold {(mi, 7712) S Mi x M2;7ri(mi) = 
7r2('7i2)}. It is naturally endowed with a projection onto N that is denoted 
hereafter by tti = 7r2 : Mi X(^j_^2) M2 ^ N : (7711,7712) t-^- 7ri(77ii) = 7r2(77i2). 
Observe that 

T(Mi X(,,,,,) M2) = TMi X(,,.,,,.) rM2. 

8. Given two vector bundles tti : i^i — > Bi and tt2 ■ E2 ^ B2, and a map 
if : El ^ E2, the expression : (£^i,7ri) — {E2,tt2) means that (/s is a 
morphism of vector bundles. 



B Lie groupoids 

We recall in the present section the notions of groupoid, groupoid morphism, local 
bisection and groupoid action. Our purpose is to provide the minimal background 
material necessary to read the text. A very interesting and concise presentation 
of these notions may be found in the book [daSilva-Weinstein] . For a thorough 
treatment we refer to [Mackenzie-87| and |Mackenzie-05j . 

Definition B.l. A Lie groupoid is a pair of manifolds M and G with two 
smooth submersions a, j3 : G ^ M called respectively the source and target map, 
a smooth partial multiplication 

m : G X{a,i3) G = {(gi, 32); a(gi) = ^{92)} ■ (91,92) i-^- 9i '92, 

an embedding e : M ^ G : x ^ e{x) ~ x of M into G as the set of unit elements 
and a smooth involution l : G ^ G, the inversion, such that 

1- "(51 ■ 92) = a{g2) and P{gi ■ 52) = /3(ffi) for {91,92) € G x^a^p) G; 

2- {91 ■ 92) ■ 93 = 91 ■ (.92 • 93) whenever {91,92,93) € G X(„^^) G X(„_^) G; 
3. e{l3{g)) -9 = 9^9- e{a{g)) for all g e G; 

4- '•(s) • 9 = £{(^{9)) and g ■ L{g) = e{l3{g)) for any g eG. 
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Figure 6: Standard picture of a groupoid, seen as a set of arrows 



Observe that the condition that a and /3 are submersions ensures that G x {a,/}) 
G is a manifold and thus gives sense to the requirement that m is smooth. An 
pair (51,52) in G X{aj3) G is called a composable pair. 

A groupoid may be thought of as being a small category, that is a category 
in which all the morphisms are invertible. In particular it is useful to think 
of groupoid element as an arrow g yh M from Q:{g) to 13(g). The multiplica- 
tion consists in composing arrows. Incidentally, numerous interesting examples of 
groupoids consist in equivalence classes of maps. 

The maps a and /3 being submersions, a Lie groupoid admits natural foliations, 
namely the foliation G" by the a-fibers, the foliation G^ by the /?-fibers. The a- 
leaf (respectively /3-leaf) through ^ is denoted either by G" (respectively G^) or 
by G" (respectively G^) if a(^) = x (respectively f3{^) — y). 

Definition B.2. A Lie groupoid G is said to be locally trivial if the map a x /3 : 
G M X AI is a submersion. In that case G admits an additional foliation by 
the fibers of a x /3. It is denoted by JC. 

The leaf of IC though ^ is denoted by /C^ or by ICx,y if (x, y) = ax /3(^). Observe 
that ICx,x is a Lie group, called the isotropy of x. The union of all ICx,x is a bundle 
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of groups called the isotropy. Moreover, T^K. ~ Ker(Q! x 

Example B.3. The first non-trivial example of a groupoid is the Pair Groupoid 
on a manifold M, that is the set M x M, endowed with the two projections a = p2 
and (3 ~ pi. The product [x, y) ■ {y' , z), which is defined when y = y' , equals {x, z). 
The inclusion e : AI ^ AI x M sends x to (x, x) and the inverse of (x, y) is (y, x). 

Definition B.4. A Lie groupoid morphism between two Lie groupoids Gi ^ A/i 
and G2 =t AA2 is a pair of smooth maps (p : Gi ^ G2 and (/jq '■ A/Ii M2 that 
commute with all the structure maps, that is 

1. a2 o (f> ~ (f>o o ai and /?2 o = 00 ° /?! / 

2. 4> o mi ~ 7712 ° (0 X 0) on Gi '^(^^^ p^^ Gi; 

3. (j>oei= £2 00/ 

4- (j) O Ll ^ L2 O (j). 

When Ml = AI2, a Lie groupoid morphism over the identity is a Lie groupoid 
morphism for which (f)Q = id. 

Definition B.5. A Lie suhgroupoid of a Lie groupoid G ^ AI is a Lie groupoid 
G' ^ AI' with a pair of injective immersions i : G' ^ G, io : AI' — >■ AI form- 
ing a Lie groupoid morphism. A lie suhgroupoid is embedded when i and io are 
embeddings. 

Definition B.6. A local bisection in a groupoid G ^ AI is an embedded subman- 
ifold b of G such that both a and j3 restricted to b are embeddings. A bisection is 
a local bisection for which both a and P are global diffeomorphisms onto AI . One 
can also say that a local bisection is the image of a local section of a and of a local 
section of (3, whence the term bisection. 

In particular, let Ub (respectively VJ,) be the open set a{b) (respectively /3{b)) 
and for any point x in Ub, we denote by b{x) the unique point (a|b)~^(x) in b that 
projects onto x. Thus b denotes the map {a\b)^^ : Ub ^ b a.s well as its image. A 
local bisection induces a local diffeomorphism on M 

(jjb-.Ub^Vb-.x^ Pob{x), (48) 

whose differential at a; G [/f, coincides with "bouncing" on Tb(^x)b-, i.e. 
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TyM T^M 
Figure 7: Bouncing on Ti,(^j.^b 



Bisections can be multiplied and they form a group commonly denoted by 
B{G). Likewise local bisections form something very similar to a pseudogrouju 
denoted in the text by Be{G). The group of bisection acts on G by left and by 
right multiplication : 

L,:G^G:g^ b[l3{g)) -g Rt : G ^ G : g ^ g ■ b{a{g)). 




Figure 8: The inverse of a bisection and the product of two bisections 



Lie groupoid actions : A groupoid G ^ acts on space that admits a map to M. 

^The elements of a pseudogroup are local homcomorphisms of a topological space; otherwise 
the axioms of pscudogroups arc satisfied by local bisections 
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Definition B.7. A left action of a Lie groupoid G ^ M on a fiberbundle t: : E 
M is a smooth map p : G X(a,iT) E ^ E : {g, e) ^ g ■ e such that 

- 7r(5 • e) = I3{g), 

- 92 ■ {gi ■ e) = (52 ■ 51) • e, 

- e{x) -6 = 6. 




Figure 9: The action of a groupoid on a fiberbundle 



Given a left action p of the groupoid G =| M on a fiberbundle it : E ^ M . the 
group of bisections is realized as a group of bundle isomorphisms : 



$ : B{G) X E ^ E : {b,e) ^ ^^(e) = b-e = p(5(7r(e)), e). 



(49) 



Lie algebroids : A Lie algebroid is the extension to Lie groupoid theory of the 
notion of the Lie algebra of a Lie groupoid. 

Definition B.8. A Lie algebroid consists in the data of a vector bundle tt : i? — > 
M of finite rank, a W-bilinear Lie bracket [,]e '■ ^E x TE — >■ TE on the space of 
sections of E and a fiberwise linear map p : E ^ TM over the identity satisfying : 



p{A),p{B) 



TM 



P 



A,B 



for A^B G TE, where p{A) denotes the section poA ofTM and the Leibniz rule 



AJB 



p{A)f]B + f 



A,B 



for f e C°°(M). 
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To any Lie groupoid G =t M is associated a Lie algebroid. Its sections are, 
not surprisingly, left-invariant vector fields, that is vector fields X on G invariant 
under the action of the group of bisection by left multiplication : {Lb)^,X ~ X 
for all h S B{G). Observe that such a vector field is necessarily tangent to the 
foliation G^. Therefore left- invariant vector fields are sections of TG^ invariant 
under all left-mutliplications Lg : /3~^{a{g)) (3~^{(3{g)) : g ■ hhy elements 
of G. Such a vector field is determined by its values along the identity bisection 
M and vice-versa a section X of TmG^ determines a unique left-invariant vector 
field X on G (in fact X e T^G^ can be left translated into a vector field along 
a~^{x)). This motivates the definition of E as 

E = TmGP, 

with the natural projection tt onto M . The bracket of two sections of E is the re- 
striction to M of the bracket in G of the corresponding left-invariant vector fields. 
The anchor p is the projection a* restricted to TmG^; it induces a Lie algebra 
morphism because it is a push-forward. Besides, the Leibniz rule follows from the 
observation that fY ~ a*{f)Y for a function / on M. 

Notice that alternatively, the vector bundle E could be defined as TmG" with 
(3^ as anchor. The differential of the inversion 

i*^ ■■ T^G" ^ T,G^ (50) 

that exchanges the tangent space to the a-fibcrs over a point in M with that 
of the corresponding /?- fiber by means of the canonical isomorphisms T^G" ~ 
Ta;G/Tj,M ~ T^Gl^ with the normal bundle to TM, allows one to interchange the 
two descriptions. 

C Lie groupoids of jets of bisections 

Given a Lie groupoid G ^ Af , a point x ^ M and any integer fc, there is an 
equivalence relation ^J; on the set Bt^x[G) of local bisections of G =t Af (cf. Def- 
inition |B]6l defined near x, namely hi ~^ 62 if hi{x) = g = b2{x) and bi and 62 
have the same Taylor expansion of order k at x with respect to some (hence any) 
pair of local coordinate systems around x and g. The equivalence class of b with 
respect to is commonly denoted by and called the fc-jet of b at x. 

Definition C.l. The set of all k-jets of local bisections of G is denoted by B^^\G) 
and called the k-jet extension of the groupoid G. 

The set B'-'^^G) is another Lie groupoid over M when it is endowed with the 
obvious structure maps, namely 

- aC^) : B^'''>{G) ^ M : j^b^x, 

- P^^^ : B^'''>iG) M : j^b ^ Po b{x), 

- m^''^jyb',jl;b) = jl^{b' ■ b) when y ^ P o b{x), 
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- tC^') : B^^\G) B^^\G) : j^b <^ j^b-\ where y = /3 o b{x). 

When unambiguous, we might remove the superscript ^'^^ from the structure maps 
of B'^'^^G). Let us observe that B^^\G) is a strict open subset of the manifold 
j''{G) of A; -jets of local sections of a, due to the fact that the sections we consider 
are also bisections. It inherits therefore a canonical smooth structure making it 
into a Lie groupoid. Moreover, for k > I, the natural projection p*^^' : B^^\G) — !• 
B^^^G) : i-> j^b is a Lie groupoid morphism. 

Remark C.2. Let G ^ M be a Lie groupoid and set n = dim A/. Consider the 
Grassmann bundle tt : Gr„(F) — > G of n-planes tangent to G. Notice that the 
data of an element j^b in B^^-'(G) is equivalent to the data of the map : T^M — ^ 
Tb{x)G, itself equivalent to the data of the plane Im(6»^). Moreover, the map 

D : B^'HG) ^ Gr„(G) : jlb ^ D{jlb) - b^ST.M) (51) 

is a diffeomorphism onto the open subset of Gr„(G) consisting of horizontal 
planes, that is, planes that are transverse to the a-fibers and the /3-fibers. The 
latter subset is denoted by GrJj(G) and supports thus a groupoid structure whose 
source and target map are a o tt and /3 o tt respectively and whose multiplication 
is induced from the differential of the multiplication 

in G as follows. Let (31,(72) SGx(q^^)G, and consider I?i crgjGand_D2 (lTg.^G 
two horizontal n-planes, then their product is defined through : 

The identity at x is T^M and the inverse of D C TgG is if,^{D). 

Notation C.3. When G = AI x M is the pair groupoid, the groupoid B'-''\G) is 
the proper subset of J''{M,M) consisting of fc-jets of local diffeomorphisms and 
is denoted for short by B^'^^M). In particular, the groupoid B^^\M) consists of 
the set of linear maps between any pair of tangent spaces to M. It is called in the 
literature the general linear groupoid of the vector bundle TM or the gauge 
groupoid of the principal bundle of frames of AI. 

The extension procedure can be iterated and the groupoid ^(fci)(g(fc2)(G))is de- 
noted hereafter by B'-'^^^'^^^G) and contain ^BC^i+^-'a) as an embedded subgroupoid. 
Observe that, in addition to the natural projections 

pfei->ii . is(kuk2)i^Q^ ^ B'^^^^^^\G) : jl^b ^ ji'b, 

for li = 0,...,/ci — 1, there are projections 

pk2^l2 . ^(fci.fc2)((;;) ^ B^'''''^\G) : j^'b ^ j^(/'-''= o b) 
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that are groupoid morphisms as well. On B^''^^''^\G) C B''^^'^^\G), the map 
coincides with 7]-'=i+fc2->fci Similarly, given a sequence {ki,...,ki) of natural num- 
bers, the groupoid B^''^^ {...{B^'"\G))) is denoted by B^'^^' - ''^'\G) and supports a 
series of projections 

i-1 

1 < i < /, Zi = 0, ...,fci — 1, defined recursively. Notice that any groupoid 
j^{ki,...,ki) ^Q^j is a subgroupoid of the groupoid ^''^'■■■'^•'(G) with ki + ...ki number 1. 

Remark C.4. Elements in B^''^-''^\G) that do not belong to B'-''^+''''\G) are 
called in the literature s emi-holonomic ]ets while elements in B'^^^~^^'^\G) are called 
holonomic jets. 

Notation C.5. Provided it does not generate any ambiguity, we will use the 
following abrcviations : 

- The projection p'^^" on B'^^\G)^ that extracts the 0-th order part of a jet, 
is denoted by and coincides with po ...op (k factors) on B'''^'^^^'^\G) D 
SW(G). 

- Similarly, the projection p^'^" is denoted by p^"' ^ and coincides with p*...* o 
...op^...^ on Biki,...,ki-uh-';iM+i,-,ki) 

- We remove the superscripts from the projections p^ , pi, pi ^ and denote 
them by p, p*, p* . ». The observation that 

D^p^ij^^b)) = (p*^)*,,,, {Dijlb)) (52) 

i i-1 

legitimates this notation. 

A local bisection b of G, induces a local so-called holonomic bisection 

j'^b : U ^ B^''\G) : X ^ j^b 

of the groupoid B^''\G). When G ^ M is locally trivial (cf. Definition E2|, 
there is a nice characterization of local holonomic bisections of B^^\G) as local 
bisections tangent to a certain distribution that we introduce hereafter. 

Definition C.6. The holonomic distribution £ or £^ on B'-^^G) is defined by 

Proposition C.7. The distribution £ has rank (n + n(k — n)), where n = dim A/ 
and k = dimG, contains the distribution Kei{pl^'^) and is transverse to the a and 
P-fibers of B^^^{G). It has the property that a local bisection b : U ^ B^^\G) is 
tangent to £ if and only if it is holonomic. 
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Proof. Observe that Keiplj^^ is (n(fc — n))-diinensional. Therefore, the plane £^ 
has rank dimZ3(^) + dimKerpJ^" = n + n(k — n). 

Because D{£^) is transverse to the a and /3-fibers of G, its lift {pl~^'^)~^{D{^)) 
enjoys the same property in B^^^G). 

Let & be a local bisection in B^^^G). The condition T^^-^b C £ is equivalent to 
- D{b{x)), that isp.(ji(po6) = b{x) (cf ^1) ovjUpob) = b{x). ■ 

Remark C.8. In general, a bisection b of B^^''"'^\AI) is holononiic if b is tangent 
to £ and its projection p o 6 is a holononiic bisection. 

Definition C.9. A left action p : G 'X{a,-K) E ~^ E of a groupoid G ^ M on 
a fiberbundle tt : i? — > A/ ( cf. Definition \B.7^ induces an action of the groupoid 
S(i)(G) =^ M onto TT op -.TE ^ M as follows : 

: B(i) (G) X TE^TE: X^) ^ j^b ■ X, ^ (b,^ (ir,^ (X,)) , X,) , 

where : TG X(q,^ tt.) T'^' ~^ is i/ie differential of p. Iterating this procedure, 
we obtain actions 

for any k = 1,2, .... 

Remark C.IO. In particular, starting from the trivial action of the pair groupoid 
M X M on M 

p : {M X M) X(„ad) M ^ M : {{y,x),x) h-> y 

we obtain actions p'^^\ p^^-i), p'^^^^'^\ ... oi B'^^\B^^'^\B^^'^^^\ ... on TM, T^M, 
T^M, ... respectively. A groupoid action p : G y.[a,-K) E E is said to be effective 
if p{gi, e) = p(g2, e) for all e S i? with 7r(e) = a{gi) = a(g2) implies that gi = g2. 
The various actions p^^\ P^^'^K p^^'^'^\ ... are effective. 

Lemma C.ll. Given a locally trivial groupoid G ^ M (cf. Deflnition lB.^) . Its 
k-jet extension B^^\G) =| M is locally trivial as well. In particular any groupoid 
of type 6(---'''*'')(Af) =^ M is locally trivial. 

D Second tangent bundle 

Given a manifold M, its second tangent bundle T^M is defined to be the tangent 
bundle p : T{TM) -)• TM of the total space of the tangent bundle to M. Its el- 
ement are denoted by calligraphed letters X,y,Z, It is endowed with several 

pieces of structure that we describe in the present section. 
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Vector bundle structures : T^AI admits two distinct structures of vector bun- 
dle over the manifold TAI : 



• p : T^M TM : X = = ^o- Here T'^M is thought of 

as being the tangent bundle of the manifold TM . Fiberwise addition and scalar 
multiplication are denoted, as usual, by + : TM X{p^p) TM : {Xi, X2) 1— > Xi + X2 
and rua : M x TM : {a,X) ^ aX = ma{X) respectively. The fiber over a vector 

e TM is denoted by TxTM. 



dp(Xt) 



. p. : THI -^TM-.X^ q^l^^^p^^x) = ^,,^0. 
the differential of the corresponding map on TM, that is 



T^M >i[p,,p,) T'^M 



X 



dXt 
dt 



dt 



Fiberwise addition is 
dXt + Yt 



dt 







where the path t 1-^ Xt and i 1— > Yt have been chosen to satisfy p{Xt) = piYt). 
This is not restrictive since p*{X) = p^,{y). Similarly, scalar multiplication by a 
real a is the differential of ma on TM : 



T^M -> T^M : X = 



dt 



i-s- ma*{X) 



daXf 



dt 



The p*-fiber over a vector X^ G TM is denoted by T^^'TM 



+, X2) 

1<{X2) 

p(Xi) 




Xi 



TM 




Figure 10: The addition and scalar multiplication in {T^M,p^.) 



Lemma D.l. The map p : T'^M TM (p^ : T^M TM) is a vector bundle 
morphism when T^M is endowed with the vector bundle structure induced by 
(respectively p). 

The projection pop = pop^ of T'^M onto M is denoted by p^ . It yields a fiber 
bundle structure on T^M whose fiber over a point x G M is denoted by T^M. 
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The following commutative diagram summarizes some of the previously-mentioned 
properties : 




TM 



TM 




M 



Horizontal inclusions and projections : The two vector bundle structures 
PtP* : T^M — > TM induce two natural horizontal inclusions 



parameterizing the respective zero-sections denoted respectively by Ota/,0*tm- 
The inclusion i (respectively i*) is a vector bundle morphism between (TM,p) 
and {T'^M,p^) (respectively (T'^M,p)). The associated projections of T^M onto 
its two zero-sections are denoted by e = i op and e* = z* op^. Let i denote the 
inclusion i o i = o i of AI into T^M parameterizing the intersection of the two 
zero-sections Qtm^^*tm = %m ■ Similarly, let e denote the projection eoe* = e*oe 
onto . These different maps satisfy the relations : 



Vertical inclusion of TM : Now, there is also a canonical "vertical inclusion" 
from TM into T^M parameterizing T^^TM = p~'^{Qm) n p:7H0m) (cf. Nota- 
tion H]) 



Observe that the map i^^^ is a vector bundle map in two ways, i.e. between {TM,p) 
and {T^M,po) for po ~ p and p*. In particular, a vector X G T^M belongs to 
Im(iQ^^) if and only if ma{X) = ina*{X) for all a € M. 

Vertical inclusions of TM ® TM : There are also two canonical inclusions of 

TM © TM into T^M parameterizing the two "kernels" p"^(Om) = To^TM and 
P-I(Om) = TPTM as follows : 

Ip : TM © TM ^ p-\Om) C T^M : (X^, X^) ^ {XD + (Xj) 

Ip, : TM®TM ^p-\Qm) C T^A/ : (Xi,^^) ^ -f-, zgjXj). 

The map /p (respectively Ip^ ) is a vector bundle morphism between TM © TM 
and {T^M,p) (respectively {T^M,p^)). 



■■ TM ^ THI : X, ^ i{X,) = Ox.,i,(X,) = 0,x., 



p o i ~ idTM p o e ~ p 



p* o ^ idTM p* o e,: — 

p^oi^iop p*oe = eop 

poi^=iop poe^^ — eop 
e ^ I op 




dtX^ 
dt t=o 
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Remark D.2. Given vector fields X, Y on M and a function / e C°°(M), tfie 
section fY of p : TM — > M satisfies 

= x,/r, + m/(,),(n^x,), (53) 

where X^f Y^ really means Ip{f{x)Yx,XxfYx) = i{f{x)Yr,) i^^^{Xxf Y^). In- 
deed, setting (/ op) X id : TM ^ M x TM : ^ (/(x), Z^) and m : R x TM 
TM : {a,Xx) i-> aX^, the section fY can be rewritten as 



m o ((/ o p) X id) o Y. 



Hence 



= "^*(/(x),y-,) (/*x(^:c)7 0y,) +"^*(/(x).y-x)(0/(^)'^*x-'^^) 

AfRne structure : Finally, the product P = p x p^, : T'^M — > TM x^p^p) TM 
yields on T'^M yet another structure, of an affine bundle of rank n this time, whose 
fiber over {X^, Y^) is modeled on the vector space T^M and denoted by T^^TM . 
Observe that for a fixed vector X G T'^M, with p{X) = X^ and p*{X) = Y^ the 
two maps 



Ax : T^M ^ TllTM ■.V,^X+ [e{X) il^,^ {V,)) 
Ax : T,M ^ TllTM ■.V^^X+, (e,{X) + il^^ (K)) 



(54) 



coincide and parameterize the fiber of P through X . Moreover, there is a canonical 
map 

TT : T^M xi^p^p) T^M TM : {Xi,X2) ^ 7r(Afi, ^"2), (55) 

defined by 

t:{XuX2) = V^ if Xi=AxAV.) (56) 

One could also write with a slight abuse of notation tt{Xi, X2) = Xi — X2. The 
map TT satisfies 

Tr{X\X^) ^Tr{X^ +oX,X^ +oX) (57) 

when +0 denotes either + or +* andpo('^) = Po{X^) £ T^M for the corresponding 
projection po- 

Canonical Involution : Another very useful piece of the structure of T^M is its 
canonical involution, defined below : 

Definition D.3. The canonical involution on T'^M is commonly defined by means 
of local coordinates (a;% A*, y*, A"*) induced by local coordinates on M as being 
the map k = km '■ T'^M ^ T^M that flips the two middle sets of coordinates 

k{x\X\Y\X') = (x\Y\X\X'). 
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Properties of k : The involution k is an isomorphism between the two distinct 
vector bundle structures on T'^M, and, as such, satisfies the relations : 

Ko i = Ko ^ i 

Ko e — e^, Ko e^, ~ e (58) 

K O niasf ~ ma OK K O TUa ~ ma* O K. 

k{x + y)^ +* K{y) k{x y) ^ k{x) + K{y) 

It is thus also an endomorphism of the afBne bundle P : T^M — > TM X{p^p) TM 
over the reflection map Ko{X,Y) = {Y,X). Furthermore, k fixes pointwise the 
image of i^^^ : 

■p -p 

This and the relations ([5^ imply that for two vectors Xi and X2 in a same P-fiber, 

n{Xi,X2) = n{K{Xi),K{X2)). (59) 

Proposition D.4. ( ILang^ , JKolar^ ) The involution k, sometimes denoted by k*^, 
satisfies the following properties : let x G M and X,Y G X{M) 

d{(pY)*^Xx 



^^(Y*^X,) 



dt 



, where Lpy denotes the flow ofY at time t. 



Remark D.5. Each one of these properties could serve as an intrinsic definition 
of K, at least on T^M - T^TM. Besides, on T^TM, we want k to coincide with 

k(^{X:^) + ioAf (^2;)) = i*{Xa:) +* iQ^,{V^). 

So the main point would be to establish the smoothness of k across T'^TM. 

Remark D.6. The involution k allows for an alternative characterization of dis- 
tributions on M that are involutive : a distribution V on M is involutivc if and 
only if the subset T'Dr\p~^{'D) of T^M is K-invariant {V is thought of a subbundle 
of TM; therefore TV C T^M). 



E Structure of ^(i'i)(M) 

The structure of the groupoid B'-^'^^M) (cf. Appendix [Cl and Notation lC.3|) follows 
closely that of T'^M . As already observed in Appendix [Cl it is endowed with two 
natural projections p and p* onto B^^\M) whose definition we briefly recall. An 
element of B'^'^'^\M) is of the type j].h for some local bisection h :Ux ^ B^^\M) 
defined in a neighborhood Ux of x. Then 

r p ; B^^-^\M) ^ B^^\M) : j^b ^ b{x) 

I P* jl{P°b). 

We thus obtain a commutative square standing on a vertex : 
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Notice that 6" = p o 6 is a local bisection of the pair groupoid M x M, that is a 
section x i-^ {f{x),x) of a such that /3 o 6" : x i-^ f{x) is a local diffeomorphism 
of M. In the sequel 6° = p o b will systematically be identified with the local 
diffeomorphism f ~ (3 ob^ . 

Remark E.l. Observe that, after identification of B^'^^'^\M) with Gy':^{B^'^\M)) 
(cf. Remark [C.2[) . the map : ^'■^'^''(Af) ^> ;B'-^^(A/) coincides with the bouncing 
map, defined as follows 

b : Gr:i(B(i)(M)) ^ ^(^(M) : ^ b{P{) = o (a^J^J"'. 

When 6 is a local bisection of Z?(^)(A/), the map b applied to Tb yields a 
holonomic bisection : 

x^b(Tfc(,)6)=ji(po6). 

Indeed, the linear map b(rf,(2;)&) coincides with the differential at x of the zero 
order part = p o 6 of 6, that is 

KTb(x)b) = (&°)*.. 

Observe that if a rt- plane is contained in the holonomic distribution 'M^* 
S^^") (cf. Definition IC.7p . then b(Pj) = ^. More generally, the linear maps b(Pj) 
and ^ coincide on Q!*(P^ n i?^^''). 

Definition E.2. T/ie set of (1, l)-jets ^ = /or which p(^) = p*(^) is denoted 
hereafter B^^-^\m). Notice that B'^^^M) g ^(^^'^^(M). 

Remark E.3. A (1, l)-jet ^ belongs to b\^'^\m) if and only if D(0 C £'^^\ 

Proposition E.4. Along the bisection bo ~ —I, the distribution f*-^' coincides 
with the family of {~\)- eigenspaccs of the involution i*. 

Proof. Set ^ = -/^ € B'^^\M). Then 

■.t^b^^\m)^t^b^^\m) 

is an involutive linear isomorphism. Hence the tangent space to B^^\M) at <^ 
decomposes into a direct sum of +1 and —1 eigenspaccs for i*^ : 

T^B^^\M) = E+i®E^i. 
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We claim that s'^^^ = E^i. Let g T(^B^^\M). Then, because p is a groupoid 
morphism and t(^) = ^, we have 

Moreover t,^^^, : T^M x T^M : (Xi,^^) (X^X^). Thus e i;.! imphes 
that p^{X(}e D{^). Conversely, p*iX^) e D{^) implies that X^ £ + T^/C. 
But T^K. C Indeed, if exp{tA) is the one-parameter subgroup in the Lie 

group ICx,x, then t(exp(iA)) = exp(— M), whence • exp(iA)) = ^ • exp{—tA) 
is central), which implies that l^,^ (X) = —X for X £ T^/C. ■ 



Corollary E.5. ylnj/ element of Bj-^ ' (M) whose first order part belongs to the 
bisection —I C B^^\AI) is its own inverse. 

Proof. Let ^ G s|^^'^^(Af), with p{() = -I^ then i:>(^) C fL^]^. Hence, from 
Remarking we know that D{l{(,)) = t,_,^ {D{()) = D{^), implyirig that t(^) ^ ^. 



Remark E.6. The distribution 5*^^-* is maximally non-integrable. It generalizes 
the canonical contact form a on the set of 1-jets of local maps from M to the real 
line J^iM X M) ~ T*M x R, defined by a{Xf,,V) = /3(7r*(X„)) - F to the case of 
1-jets of maps from AI to M. 

Remark E.7. The 2-jet j^f of a local diffeomorphism f : U C M ^ M of M is 

equivalently described as the map 

Observe that 

p o f^^,^ = f^^ o p 

P*°.f**^ = U^op^ (60) 

/O — — 2^ O /* 

More generally, consider the natural left action p^^'^^ of B^^'^\M) on T^M 
(cf. Definition [CJ] and Remark [ClOl) : 

p(i'i) : e(i'i)(M) X(„p2)r2^f ^ r2^.f 

In particular if A" = n^X^ e T^A/ and G ^(^^^'(A/) with /3(6(x)) = y, then 

]lb-X ^{bY),^{b{x)Xx). (62) 

It is useful to identify the maps T^M T'^M that are induced by the action of 
elements in B^'^^'^^M). 

Lemma E.8. Through the action p^^'^\ the set of (l,l)-jeis {B^^^''^^M))x^y is 
canonically identified to the set of maps £ : T^M ^ TyM enjoying the following 
properties : 
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(a) £ is a vector bundle morphism from {T^M,+) to (TyM,+) over a linear 
map p{€) : T^M — > TyM and a vector bundle morphism from (T^M, +*) to 



{TyM, +*) over a linear map p^{(.) : T^M 



TyM 



p(e) 

T^M --—^ TyM 



TU'I ■ 



-^T^M 



T^M 4 TyM 



(b) It is a consequence of (a) that t preserves the vertical sub-bundle T^^TM. 
It is required moreover that i coincides with p{£) on each fiber : 



KTM- 



T,:M- 



-¥ T^ TM 



p{i) 



-¥TyM 



A jet ^ corresponds to a map £^ with p{i^) = p(^) and psr{t^) — p*{^)- Genuine 2- 
jets jlf e fi(2)(M) induce maps, also denoted by f**^, that, in addition, commute 
with K, i.e. 

f**^ O K ^ KO /**^. (63) 

Lemma E.9. Let {X^, be a set of local vector fields in X{U) forming a 

basis of each tangent space T^M , x G U. Given a path 

n 

{-e,e) ^ T^i^t)M : t ^ Xt = ^ aj(i)X^"(7(t)) 
in TM. Its velocity vector X = ^^|t=o admits the following expression : 



Xi 



where indicates that the addition is and where = ^^-^^\t=o- 

Proof. It is essentially the same statement as Remark ID. 2 1 A proof is nevertheless 
included mainly to prepare for the proof of the corresponding statement for T^M 
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(Lemma IG.6p . 



n 

= > TO* 



n 



dt 



+ TO i,-^ 

t=o V at 



E* ^^-AV-) + K^^"^^) +* ( 



/da," 



V dt 



Proof of Lemma lE.Sl It is quite obvious that a (1, l)-jet does enjoy the properties 
(a) and (6). A detailed proof of the converse is provided mainly because it will 
lighten up the proof of Lemma [GTgI Consider a map i : T^M — >• T^M that satisfies 
(a) and (&). Let {Xi,...,X"} be a basis of T^M and let {Y^ = p{e)iX^), ...,¥'' = 
p{i){X^)} be the corresponding basis of TyM . For each 1 < i < n, let be a n- 
dimensional subspace in TxiTM complementary to T^^TM and let X' : [/ — > TM 
(respectively : F — >■ TM) be a local section of TM defined over a neighborhood 
of X (respectively y) in M, passing through X* (respectively F*) and tangent 
to W (respectively e{H')). We may assume that the set {X^{x'), X"{x')} 
(respectively {Y^{y'), ...,Y"{y')}) is a basis of T^'M (respectively TyiM) for all 
x' & U (respectively y' G V). Let g : [/' 1/' be a local difFcomorphism such that 
g*^ = p*{t). Then define a local bisection b of ;B'^-'(A/) over [/ as follows : 



1=1 i=l 

It is now trivial to verify, by means of Lemma [E.QI that the action of the (1, l)-jet 
jl.h on T^M coincides with i. Indeed, it amounts to verifying that the image of 
the vectors Xi^X^, i{Xl), iQ^^(X^) under the action of and € agree, which is 
implemented in the construction of h. ■ 



Definition E.IO. A homomorphism of T'^M is a bijective morphism of vector 
bundles £ : {T^M,po) — ^ {TyM,po), x,y € M, for both po ~ p and po — p* over 
linear isomorphisms denoted by p{£) and p:,{i) : T^M — > TyM respectively. The 
set of homomorphisms ofT^M is denoted by C{T'^M) and the map B^^'^\M) — > 
C(T^M) : ^ (-> £^ by Z. The set C{T^M), which is endowed with a Lie groupoid 
structure for which £ is a groupoid morphism, has the following distinguished Lie 
subgroupoids : 

- /:(1'1)(T2M) =£(Z?(i^i)(M)), 

- ci'^'\T'M) = 2iB['^'\M)), 
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- C^'^^TH^) = £(S(2)(Af)). 

Remark E.ll. The difference between C{T'^M) and ^(^'^^(r^Af ) is that the 
action of an element in C{T^M) on the vertical subbundle Imi^^^ is through any 
linear map, generally unrelated to p{£) or 

Remark E.12. The relation (|63p holds for any smooth map f : M N, where 
K stands either for the involution on T^A/ or on T'^N. 

Remark E.13. About the importance of hypothesis (6). Consider the map 

m_i o TO_i, : T^M T^M : X h> -X. 

It is a homomorphism for both vector bundle structures on T^Al and it preserves 
the vertical sub-bundle T^TM but restricts to id on T'^TM instead of — id. Hence 
it is not induced by a (1, l)-jet and in particular does not yield a (canonical) affine 
connection (cf. Proposition [221) ■ 

We will prove a lemma about conjugation of 2-jets that reveals useful when 
dealing with torsionless affine connections. Let f ■ U C A/ — > A/ be a local 
diffeomorphism of M such that for some x G U, we have ^ Ix '■ T^M ^ T^M . 
Then the map 

- I ■■ TxTM ^ TxTM : X ^ (X) - X 

- vanishes on TM since {f**x^ ~ I) o ~ 0, 

- takes value in TM since pn.^^ ° {f**x^ ^ ^) = (cf- (|60|) ). 

Whence there is a linear map (P f{X.j.) : T^M — > T^M, such that {f^,^,x ^ ^) 
coincides with the composition 

TxTM TM ^ TxM ^ TxTM. 

Lemma E.14. Consider 2-jets jlf-,j'ig,jlh S B'''^\M) such thatp{j^f) = Ix and 
PiJlg) = i'°P{.1yh)- Then 

d^g o f o h){Xy) = g,^ o d^f{KyXy) o +d^igo h){Xy). 

In particular, if g^^ ~ = /i*^ , then 

d^ig o / o h){Xx) = -d\fiXx) + d^ig o h)iXx). 
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Proof. The proof is just a short verification. 

= 9**h,^ix^) ° °d'^f(^*xiXx)) °P*h,^{x^)) °h^*x^ 

o d'^{g o h){Xx) °P*x^ 



Remark E.15. In fact (Pf{x) is the fact that C Ti^B\{M) spUts as follows : 
= Ti,e{M) © Ti^K. ~ T^Af © End(r^M, T^A-f). Should try to understand the 
conjugation relation 

Definition E.16. The natural involution k on T'^M induces an involution on 
B^i^'^\m) via the action of the latter space on the former one. It consists basically 
in exchanging the order of the two derivatives involved in a (1, l)-jet and is defined 
as follows : 

KiO-X^K{^-K{X)). (64) 

The definition make sense because the right hand side of ([M]) defines a map in 
^'h '^\T'^M), hence induced from the action of an element of B'"f^'^\M) (cf. Propo- 
sition |E]8|. 

Lemma E.17. The involution k is a groupoid automorphism whose fixed point 
set is B^^\M). 

Remark E.18. Notice that if ^ lies in B'^'^''^\M) - B^^'^\m), the right-hand side 
of docs not define anymore a (1, l)-jet as the condition (h) in Proposition [RS] 
fails. Indeed, 

<^ ■ <^ojU))) ^ ■ ^lJU)) = ^{^lJp{0 ■ U)) - ^lMO ' U), 

while a (1, l)-jet acts on a vertical vector via its p-component, which in the case 
of k(^) must be p*{£,)- Nevertheless k is defined on the entire space C{T^M) of 
homomorphisms of T'^M. 

Remark E.19. A (1, l)-jct ^ is also a morphism between the affine bundles P : 
T^M -> TxM © TxM and P : T^M ^ TyM © TyM over the map p(^) ©p*(C) : 
T^M © T^M TyM © TyM. Its pure second order part in the direction of 
two vectors Xx and in T^M is the affinc map 

aXx, Yx) : TllTM ^ T^l^l^^J^hu. 
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The set of (1, l)-jets over a fixed map Ci © 6 : © T^M TyM © TyM is 

an afSne space modeled on the space of bilinear maps from T^M x T^M to TyM . 
Indeed, let ^o,? G B^^'^\M) be such that p(^o) = 6 = p(0 and p*(^o) = 6 = 
then 

^ - ^0 : T^M X r,M TyM : {X.,,Y,) ^Ti(i- Co ■ K.X,) , (65) 

where the map tt has been defined by (|55|) in Appendix |D1 and where y is a local 
vector field extending Y^, whose choice is irrelevant. Indeed, formula (|53p implies 
that the right hand side of (|55|) is C°°(M)-bilinear. Notice that if both and ^ 
are holonomic, or K-invariant then ^ — is symmetric. Indeed, let X, Y be local 
vector fields extending Xx,Y.x and satisfying [X, Fj^r = 0. Then 

= 7rU(^ ■ K^X:r),K(^o ■ implied by ([59]) 



F Third tangent bundle 

Consider the third tangent bundle, denoted T^M, and defined to be the tangent 
bundle of the total space of T^M. Its clement will be denoted by "frak" letters 
like X. As described below it is endowed with three canonical projections onto 
T'^M, giving T^AI three distinct vector bundle structures over T^M, three nat- 
ural projections onto TM and one onto M . It contains three vertical inclusions 
of T^M and six vertical inclusions of T^M © T'^M and admits three involutions, 
each permuting two of the vector bundle structures and permuting the inclusions 
of T^M and T^M © T^M. 



Vector bundle structures : 



The fiberwise addition is 



• p : T^M ^ T^M : X = ^\t=o ^ p{X) = Zq. 
denoted by + : T'^M x (p p) T^M T^M and the scalar multiplication by a real 
a by TOa : T^M -> T^M : X niaiX) = aX. 



. p. : THI ^ THI : X = ^\t=o ^ P*{X) = 
addition is the differential of the fiberwise addition 



dpjZ 



it=o- The p*-fiberwise 
on T^M : 



T^M X 



(p.,p.) 



/dZt 








V dt 




dt 


J 



d{Zt+Z[] 



dt 



t=o 



where we assume without loss of generality that p{Zt) = p{Z^) for all fs. Similarly, 
the scalar multiplication by a real a is the differential of the scalar multiplication 
ma on T^M : 



T^M 



T^M : X = 



dZt 
IT 



^ ma*{X) = 



dma{Zt) 



dt 
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• Ph., : T^M T^M : X = ^\t=o ^ P*,(X) = ^£^^\t=o. The p,,-fiberwise 
addition and scalar multiplication by a real a are denoted respectively by and 
rria** and are the differential of the p„-fiberwise addition and scalar multipli- 
cation TOq* on T^AI. 

Let X = ^\t=o in T^M, with t G (-£,£) i-^ Zt a path in T^M. Set = 
Yt = p,{Zt), xt = p{Xt) = p{Yt). Then 



p{X) = Zo 



P o p(X) = 

pop^{x) =p{y) = Xq 

p o p^^, (X) = p{X) = Yq 



o p{X) = Yo 

p,op,{x)^p,{y)^^' z 

P* O Ph.* (X) = p, ( A") =' Z 





Figure 11: A picture of T^M 



A comment about this picture. We think of T^M as the set of tangent vectors 
to the union over all G TM of the tangent spaces Tx^TM that are represented 
on the picture above as 2-planes sticking out "horizontally". The dotted lines 
indicates that that copy of TM does not really lie in T^M . It is added to the 
picture in order to better represent the p* projections of the vectors in T^M . 

The projections satisfy the following relations 

pop=^pop^, p, op = pop„^ p, op^ = p„ op„„. 
For conciseness we denoted those three projections pop,p„op,p^op„ : T'^M — >■ TM 
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by Pi, P2, P3 respectively. Altogether, all these maps are the edges of a cube resting 
on a vertex as in the picture below : 




T^M T^M T^M 




TM TM TM 




M 



Observe also that each projection p,p^,,pt:f: : T^M — > T^M is linear for the 
vector bundle structures associated to the other ones. More precisely, there arc 
the following homomorphisms of vector bundles : 



: iTH'I,p,) ^ {THI,p) p : {TH'I,p,,.) ^ {THd,p,) 
: iT^M,p) {T^M,p) p, : {THl,p„) (T^M^p,) 



p 

p, : {T^M,p) ^ {T^M,p) p, : {THI,p„) ^ (T^M^p,) (66) 

p,, : {T^M,p) (T^M,p) p,^ : iTHl,p^) (T^M,p,) 

Horizontal inclusions and projections : Dual to the three projections : 
T^AI — ^ T^M, there arc three injections 1,1^^,1^,^ : T^M T^M whose images 
arc the three different zero-sections for the vector bundle structures associated to 
P,P*,P** respectively. In other words, as i : — >■ TN always denotes the canonical 
injection of a manifold in its tangent bundle as the zero section. Then is the 
differential of i : TM — > T^M and i,, is the second differential of i : M — > TM. 
Each inclusion io is a vector bundle morphism for the same structures as for the 
corresponding projection po- The images of are denoted respectively by 

Ot^m, 0*7^2^, 0**T2A/ and the image of a vector X by 0^^, 0*;^ , 0**;^ . Moreover, 
we have the following relations expressing that the cube is also commutative if one 
adds the arrows corresponding to i, and i** : 

i o i ~ o i i o — i^^ o i i,, ° i* = i** o i* 

on TM and 

poi^id poi^, = iop poi,»=i»op 

p^, o i = i o p p, o = id p, o i,, = i» o p» 

p»* o i ~ i o p^ p^^ o ~ o p^ p^^ o i^^ = id. 

on T^M . Let us introduce some more notation : 

. not ^ 

- I o I = o I = 7i, 

. not ^ 

- I o = l^^ O I = I2, 

not ^ 
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. not . 

- ^o^o^ = i 

Notice that i coincides with any other inclusion of M into T^M built from the 
various i, i*, i**'s. For convenience we will denote by e, e*, e** the projections iop, 
i* opn,, i^^ o pf^, respectively which send a vector onto the zero vector in its p, p* 
or p,*-fiber respectively. The following relations are an easy consequence of (j66|) ; 



p o e = p 

p* o e ~ e o p^ 

p»* o e = e o p^t. 



p o e, ~ eop 

P^:Jf O O P^^ 



po e^^ = e^op 



Furthermore, the projections e, and e^* commute and the compositions of two 
such map is a new projection onto the image of some inclusion Ij of TM . More 
precisely, set 



not j-^ 

e o e* = i/i. 



not j-^ 

e o e** = i/2, 

not ^ 

e* o e** = iia. 

not 

e o e* o e** = e. 



Then Ej (respectively e) is the projection of T^M onto the image of Ij (respectively 
i) and it satisfies : 



p o El ~ e o p p^ o El = e o p^ o Ei = eo p^^ 

p o E2 = e^, o p p^, o E2 = e o p^, p^^ o E2 ~ e o p^,^,. 
po E3 = eop o i?3 = o o Es — e^, o p^^ 



(67) 



Vertical inclusions of T^M : There are three distinct vertical inclusions of T^M 
that parameterize the three transverse intersections 

Vi^p-'{OTM)rip-^iOTM) 

V2^p-\o*tm) np-Ho*TM) 

1^3 =P"'(0*TM)np-HOTM) 



\)TM 



^ = T{TlTM) 



V = 



ditV) 



dt 
dt 



dt 



d(TOt,(V)) 



dt 



where indeed, the second one is the differential of the vertical inclusion if. of TM 
into T^Al. These maps satisfy the following relations : 



■p -p 
P ° («0m )* = *0a/ °P P*° (*o„ )* = e* 



P** ° *Ota/ " 
P** ° (*0j\/ )* 
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and are vector bundle morphism in different ways : 

P* 

{^,J^ : {T^M,p) -> {T^M,p) : {T^M,p^) ^ {THJ, ( f ) 

zg:^^^ : iTH'I,p) ^ (T3M,p,) zg:^^^ : (T^Af,^,) (T^Af, | ). 

(68) 

The presence of the bracket indicates that on the image of the inclusion at hand, 
the two linear structures coincide. 

Remark F.l. The other three intersections p~^(OTM)np~^(0*xM): P*'^{0*TM)f^ 
PZ*{Otm) andp~^(0*rjvf )np~^-^(OTM) could also be considered, but we do not need 
them here. The difference is namely that a vector X in p~^{Otm) ^ P7^{0*tm) 
automatically belongs to p~^{Oo^,). 

Vertical inclusion of TM : T^M supports also a vertical inclusion of TM : 

I : TM T^M -.V^^ 4- ft^^^^ ) 

dt V ds s=o/ t=o 

defined by pre-composing any vertical inclusions jg^jj^-, ^oItaj (^Oaj)* "^ith the 
vertical inclusion Zq . It is a vector bundle morphism between TM and all three 
vector bundle structures on T^M . Moreover : 

poI = p^,oI = p^,^, o I = i. 

Vertical inclusions of T^AfeT^A// : The various "kernels" p"^(Ox), P"^(0*x), 
P*^iOx), P*^iO*x), P**{^x), P*HO*x) admit the following parameterization by 
T^Af © T^Af : 

1) Ip = /J*^ : T^M X(j,_p) THd ^ p'HOta/), 

2) i; : T^M X(p,p^) T^M ^ p-i(0*TM), 

3) Zp. = /J/^ : T^A/ X(p,p) THI ^ p-HOrM), 

4) j;. = (/p), : THi X(p.,p.) T^Af ^ p-i(0,TA/), 

5) Xp„ : THI X(p.,p.) T^A/ ^p,-1(0tm), 
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6) T;.^ = (JpJ, : TH4 X(p,,p.) r^M ^p-1(0*tm), 

In fact if J denotes a subscript that is either empty or * or ** and k is either empty 
of *, then 

where k) is so that pj reahzes a morphism between {T^M,pi(^j i,j) and (T'^M^pk). 

Observe that for p^ = p oi p,, i = 1,2, the direct sum T^M Xj^^ p^) T^M 
is naturally a vector bundle of rank An over TAf for the projection but also a 
vector bundle of rank 3n over TM X(p,p) TM for the projection pi x p2, where pi 
denotes if pi = p and p otherwise. With respect to these bundle structures, 
each inclusion of a direct sum T^M © T^Af is a vector bundle morphism in two 
fashions : 



T_(T^A.X(,„,T^A/,{^;/^^ )^(T3A.,{^;^ ; 
X;. : (T^A/ X(,.,,.) T^A^, | P^^^^f* ) ^ (T^Af, | ^* 
Ip„ : (T^M X(,.^,.) THI, ( P^/* ) ^ (T^A/, ( ) 



p X p p , 

- : {THI X(,..,.) T^Af, I P*^= ) ^ (T3Af, | ) 

AfRne structures over T^M © T'^M : Any choice of two projections pi,P2 
amongst p,p^,p^^ : T^M T'^M, yields an afhne fibration pi x p2 : T^M 
T'^M ®T'^M. Altogether this provides T^M with three affinc fibration structures 
over some fiber-product of T^Af with itself : 



not 



Vi = pxp^ 



not 



1^2 = P* X p*. 



^ not 

Vi ^ p^>, X p 



T^M T'^M X(p^^p^)T'^M 

T^M T^M Xf^p^p^^T^M 



whose respective fibers 'P~^{Xi, X2) admit two distinct affine structures (one for 
each factor of the projection Pi) modeled on the fiber of either p 01 p^ : T^M — 
TM. A fiber {pi x p2)~^{Xi, X2), endowed with its affine structures induced 
by Pi will be denoted by {{pi x p2)~^{Xi, X2),Pi). It is modeled on the vector 
space Pi^{Xi) n p^^(p2(eo(X))), where Co coincides with e, e* or e** depending 
on whether pi is p, p^ or Thus 
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- {V^\Z,y),p) is modeled on p-i(2)np-i(0x), 



- {V^\Z,y),p,) is modeled on p-\y) np-\Ox), 

- {V^\y,X),p,) is modeled on p-\y) np-,\0,z), 

- {V^\y,X),p,,) ismodeledonp-i(A')np:7i(0*z), 

- {V^^{X,Z),p^^) is modeled onp-j{X) np-i(0,y), 

- {Vj\X,Z),p) is modeled on p-^Z) n p-^HOy). 

Let us to describe explicitly the three canonical inclusions of T^M parameter- 
izing the various affine fibers passing through a given element X S T^M . They are 
denoted by the symbols where pj is one of the factors of Vi, indicating 

that we consider the T^^-fibcr of X endowed with the affine structure given by the 
first projection pj. Notice that each such inclusion is also obtained by transla- 
tion of one of the vertical inclusions .in' , (in )* of T^M along one of the 
inclusions More precisely, 





: TxTM - 


-> T^M 




: TxTM - 


-> T^M 




: T^TM - 


^ T^M 


A^ 


: T^TM - 


-> T^M 




: T^TM - 


^ T^M 


A^ 


: T^TM - 


^ T^M 



Vx ^ X+(^e{X)+,iPjVx)) 

Vx ^ X+Je,{X)+{f,jVx)) 

^ (e„(X)+if;(^)(V^)) 

^ X+(e(X)+,.zf;(^)(V^)) 



Remarks F.2. 

- The place of the parentheses above is important, only because shifting them 
makes generally appear sums of elements of T^M not belonging to a same 
fiber of any of the vector bundle structures on T^M. Nevertheless when 
displacing parentheses yields a sensible expression, it is guaranteed to agree 
with the initial one. 

- Smce ^fp^_p) = ^fri,p,)' ^fr2,p,) = "^^2,p..)' ."^^3,p..) = ^fps^p)' 
remove the second subscript p2 from the notation and talk about the three 

maps , z = 1, 2, 3. 

Dually, there are three projection maps Hi from T^M ^{Vi,Vi) T^M to T^M 
defined by 

Iii{X^,X^) =U ^ X^ = A^\(U) (69) 
AfHne structure modeled on TAI : There is yet another structure of affine 
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fibration on T^M, obtained by considering all three projections p, and p**. 
Denote by r{M) the image of the map P = p x x p^^ : T^M T^M x T^M x 
T'^M, that is the set of triples (A'l, ;f 2, -^3) of vectors in T^M such that 



The map 



piXi) = p{X2) P*iXi) - piXs) p.{X2) = P*{X3). 

V : T^M -> ViM) 

X (p(X),Ph.(^),P**(^)) 



in an affinc fibration with typical fiber modeled on T^M . For each element X in 
T^M , with popop{X) — X, there is a parameterization of its T-'-fiber by T^M that 
admits six different expressions : 



X 
X 
X 
X 
X 
X 



'e(X) +, (e4e(X))+„ /(T4)) 
;e(X) (e,4e(X))+, I{V,)) 
^e4X) + {eie4X))+„ /(y,)) 
^ e,(X) +*» (e,,(e»(X)) + /(T4)) 
^e,,(X) + (e(e„(X)) /(F,)) 
-** I e»H.(X) +H. (e*(e*H.(X)) + /(14)) 



(70) 



Let us explain the first equality of ([70)) . First of all, ■p(/(14)) = (i(a;), i(x), i(a;)) 
and p,* o e, o e = e op^» = i(a;) (see (|57)) ) imply that the sum makes sense. 
Adding /(T4) does not change the T'- fiber, so 

p»(^e,(e(X)) /(X4)) = p*(e,(e(X))) =p,(e(X)). 
Hence the sum +» makes sense as well. Furthermore, 

p(e(X)+,(e,(e(X))+*,/(V^,))) = p(e(X)) +p(e,(e(X))) = p(^) + e(p(X)) =p(X), 
so that the third sum + is well-defined. The other expressions are treated similarly. 

In particular, there is a map : 

n : T^M x^p^-p) T^M TM : {X\X^) ^ IliX\X^), (71) 

such that n{X\X^) = T4 if X^ = A^\Vx). It satisfies 

n(x\ x^) = n(x^ +0 X, x^ x) 

when +0 denotes either +, or and Po{X) = Po(3£') £ T^M for the corre- 
sponding projection po- For an element X £ T^M that admits either one of the 
following descriptions 

e(X) +* (e*(e(X)) I{V,)) e(X) (e,(e(X)) -f.* /(T4)) 
e,(X) + (e(e4X)) /(F,)) e*(X) (e,.(e*(X)) + I{V^)) 
eH.*(X) -1- (e(e**(X)) -f* /(T4)) e**(X) (eH.(e**(X)) + /(V^;)), 
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we set 

n(x) = n(x,e(x)) = y,. (72) 

Involutions. On T^M, there are three natural involutive automorphisms, each 
permuting two of the three vector bundle structures. The first one is the natural 
involution k'^^' of the second tangent bundle T'^N of the manifold N = TM. It is 
denoted by either ki or k. The second one is the differential k^^ of the involution 
K^^ of T^M. It is denoted by K2 or k*. The third one is the conjugate of k by 
and is denoted by cither K3 or k' . Thus K3 = o k o k*. These three involutions 
correspond to the three involutive automorphisms of the cube obtained by reflexion 
relative to the planes that contain the two vertices T^M and M. They generate 
the group — isomorphic to S3 — of "level-preserving" automorphisms of the cube 
resting on its vertex M . More precisely, 

pOK—p^, p^ o K = p p**OK = KOp^» 

pOK^,=KOp p^, O K^, = p^,^, p** O = (73) 

P O k' ~ K O p^^ p^ O k' ~ K O p^ p^^ O k' ~ K O p. 

The first line follows directly from the corresponding properties ([55]) of the 
involution k'^^^ and Remark lE.121 The second line consists in differentiating the 
relations ([58]) for k^' . The third line follows from the first two. More is true : k 
is a vector bundle isomorphism between {T^M,p) and {T^M^p^) 

- K : {T^M,p) ^ {T^M,p^) over idrsM, 

- K : {T^M,p^^) ^ {T^M,p^^) over k, 

- K* : {T^M,p^) ^ (r^M,^**) over idr^M, 

- : {T^M,p) ^ {T^M,p) over k, 

- k' : {T^M,p) ^ {T^M,p^^) over k, 

- k' : {T^M,p^) ^ (T^M,p^) over k, . 

Moreover k is an isomorphism of each {T^AI,po) over k : T'^M — T^M . Whence 
follows a series of equalities relating k with the various inclusions and projections. 

Ko i ^ K o ~ i K o i^^ = i^^ o K 

O i = j O K O = K.^, O ~ 

k' o i = i^^ o K k' o ~ i^, o K k' o i^^ = i o k. 

Whence 

K o e = o K Koe*=eoK k o e** = e** o k 

o e = e o o e* = e** o o e** = e* o 

k' o e = e** ok' k' o e,t = e,t o k' k' o e** —eon'. 

The involutions also permutes the vertical inclusions of T^M : 



in = in* ° K o (if. )^ = (if )^ o if* = if 



(in )* O K k' O (zS )* ~ if OK 



1' — 1^ 
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Wc may now easily deduce the action of the involutions on the vertical inclusions 
of T^M © T^M : 



ft o Tp 


— T 






olp^ 


Ip o (id xk) 


k' 




'7"* 


o 


[k 


X 


^) 






X id) 




oz; = 


Ip o (id xk) 


k' 


oi; = 


T 


o 


[k 


X 


id) 


K O Ip^ 


— T 

— j^p 








= Tp^_^ o (k X k) 


k' 






o 


(k 


X 


k) 


KoX*p^ 


= z; o (k 


X id) 








k' 






o 


(k 


X 


n) 


K Xp^ 


'7"* 








= Ip_^ o (k X k) 


k' 




— -^p 


o 


[k 


X 


id) 




— T 
* — p** 










k' 




— T 


o 


[k 


X 


«) 



Finally, the involutions fix the vertical inclusion of TAI : 

KoO I = I, 

for Ko — K, n* or k'. As a consequence, the relations (|70p imply 

n(xi, X2) = n(Ko(Xi), K„(X2)) . (74) 
G Structure of ^(^'^'^^(M) 

As to S(^'^'^)(M), its elements are called (1, 1, l)-jets and are of the type ^ = jlj}b., 
where {bx')x'GU^ is a smooth family of local bisections of S^^-'(M) parameterized 
by the elements x' of a neighborhood Ux of a; in M. We consider the local bisection 
j}b. : x' ^ jx'bx' of i3'^^'^^(Af ) and its first order jet jlj}b. at x. 




Figure 12: The family {bx')x'eu^ and j^, 63;'. 



There are three natural pro jections from B'-^-^-'^\M) to B^^-^'>{M) denoted by 
p, and p*, (cf. Notation lC.5|) . They admit the following description : 

- P-S.= ili]b. ^ [i]b.)[x) = ilbx, 

- P* ■£.^ jl{P°i}b.)^ ]l{b .{.)), 



84 



Remembering that the data of an element ^ = ixj]b, of i3'^^'^'^'(Af ) is equivalent 
to that of the plane 

the projections Ph, andp*» are just the differential of the projections : B^^'^\^I) 
B^^\M), i.e. : 

D{p*m = p*im)) D{p,*{0) = {p*)*{D{0). 

Furthermore, the projections p, and p** satisfy the same relations as the corre- 
sponding projections from T^M to T^M : 

- o p = p o p,, : ^ jlj}b. , 

- op, = p» op„ : ^ = il{i}h.) ^ 

Altogether we obtain a cube resting on a vertex whose edges consist of groupoid 
morphisms : 



6(1) (A/) 




6(1) (A/) 



Definition G.l. Denote by B^f^'^'^\M) the set of (1, 1, l)-jets for which the three 
projections onto B^^'^^{M) coincide as well as the three projections onto B'^^\M). 
In other terms 

6(^'i'i)(A/) = {^(1^1-1) 6 6(i^i'i)(Af) I p{O^P*{O^P**{0 6 B^^''\m)]. 

When ^ = jljjb. lies in b''^'^'^\m), we may assume that bx'{x') = bx{x') and 
that bx> is tangent to £^ at a;'. 

Of course a genuine 3-jet belongs to bI^'^'^\m) but B'"f^' ^'^\M) contains (1, 1, 1)- 
jets that are not 3-jets. 
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b.(-) 

Figure 13: Here = 



Remember the holonomic distribution on S^^'^-* (M) introduced in Definition lC.61 

Lemma G.2. An element ^ in B''^'^'^\AI) belongs to B\^'^'^\m) if and only if 
p{O^Bi'''\M) and 

Proof. The inclusion 

is equivalent to p*(-D(^)) = D{p{£_)). Since p*(Z?(^)) = Z?(p,(^)), this amounts to 
P*iO = PiO- Now, since (1, l)-jets ^ belonging to b')^'^\m) are characterized by 
the relation p(^) —p*{£,), the inclusion 

is equivalent to p^{D{^)) = that is D{p^{^)) = D{p^^{^)) or = 

P**{0- ■ 

Lemma G.3. j4 bisection b of b\^''^\m) is everywhere tangent to S^^'^'' if and 
only if it is a 2-jet extension : b — f . 

Proof. Proposition IC.7I alreadv implies that if a local bisection b of B^^'^^AI) is 
tangent to then it is a holonomic bisection of B^^^B'^^^M)) , that is 6 = j^b' 

for b' ^ p ob. Now the local bisection b' is necessarily tangent to £. Indeed, 

Tb'i^')b' - ipob),^,iT.,,M) = p,^^^,^{b,^,iT,,M)) Cp.,,^,,(4;;V)) - Dibix')) C £. 

Whence the bisection b' is holonomic as well ; b' = j^{p o b') — j^b'^ and thus 
b = ■ 
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Recall the natural action p(i'i'i) of the groupoid B'^'^-^''^\M) ^ M on the 
fibration T^M M : 

^^^'^'^^ X („_p3) T^M : X) C • 3e, 
where for f = j>, with b e Be{B^^'^HM)), and X = 



We will now characterize, as has been done for p^^'^^ in a previous section, the 
partial maps T^M — > T^M arising from the action of a (1, 1, l)-jet. 

Definition G.4. A homomorphism ofT^M is a bijective map £ : T^M -> TyM, 
X, y & M which is a vector bundle isomorphism I : (T^M,po) — ?> (TyM,po) over a 
homomorphism ofT^M denoted by po{i) where po stands for either p, orp^.^,. 
Moreover, 

- pop{e) =pop^{£), 

- op{i) = pop^^{e), 

- op^{e) = p^ op^^{i). 

Let C{T^M) denote the set of homomorphisms of T^M . It is naturally endowed 
with a groupoid structure. 

Remark G.5. As a consequence of this definition, an element ^ of C{T^M) pre- 
serves the various zero sections in T^M . More precisely, 

£oi = iop{£) £ o i^ ~ i^, o p^{£) £ o i^, = i»» o 

In particular, a homomorphism £ of T^M preserves the three vertical copies 
P"HOtm) np-i(OTA/), PZ\'^*tm) np-HO»TA/) and p-^i'd^TAi) r\ pZ}{Qtm) of 
T^M . Moreover, the fact that the vertical inclusion , «n' , («n )* are vector 
bundle morphisms as specified in (|68p implies that a homomorphism of T^M acts 
on their images through homomorphisms of T^M . Similarly, a homomorphism of 
T^M preserves the vertical inclusion / of TM and acts linearly on its image. 

Lemma G.6. Via the action the groupoid B'-^'^'^-'(M) is canonically iden- 

tified with the subset of C{T^M), denoted by Z!'^'^'^^ (T^M), of homomorphisms 
£ : T^M — TyM assuming the following specific values on the images of the 
vertical inclusions Jota/' (^Lf )*' Cta/ ■ 

£oil = ^^ op{£) 

= (75) 
£oil' = il' op{£). 

Given a (l,l,l)-jei ^, the associated linear map £ = £^ = p^^'^'^"^ {S^, .) : T^M — > 
THI satisfies p{£) = C{p{0), - C{p*{0) and p,,{£) = C{p,40)- 
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Remark G.7. A homomorphism I : T^M — >■ TyM acts on the vertical inclusion 
/ : T^M T^M through p{p{i)) = p{p*{tj), that is 

loI^Iop{p{i)). 

This implies in particular that £ acts on the image of : T^M T^M, X € T^M 
via p o p{£) as well : 

£oA^ = A^op{p{£)). (76) 
Notations G.8. Let £ : ^(^'^'^^(M) C{T^M) denote the map £, ^ £^ and set 

The following extension to T^M of Lemma IE. 91 is useful in order to prove 
Lemma lG.6l 

Lemma G.9. Let be a local basis of sections of TM and write a 

given X G T^M as follows 



d d 



s=0 



Then X admits the following expression as a linear combination of horizontal and 
vertical vectors : 



E 



(^^)))]} 

** TOa,a3(0)*((*0M)*(^4^2-)) + ''nd,aj{0}*i{ioM 

(Xi)) +.dla,iO){liX^))]] 



Proof. Set 

- a jit) = aj{t,0), 

- aj = aj{0), 

- dsa,it)^^{t,0), 

- 9^a,(0) = ||f(0,0), 

- 7(t)=7(<,0). 

Using Lemma \K9\ we compute Xt = ^l=i ^ji^, s)X^{'j{t, s))\s=o '■ 



n 



mX^ilit))) +* [dsa,{t)X^{^{t)))\ }, 
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where Yt = ^^i*'^'' \s=o- Now the vector X is a sum of three types of vectors 



^** 1 dt ^(') 



|*(a,(t)X^(7(<)) 



.jfiAdsa,{t)X^[-i[t)) 



t=o 



(77) 



The first term of ([77)1 yields 
d 



dt 



dt 



t=o 



t=0 



t=0 



where Y^^Z^ = ^^\t=a- In particular = ^^-^\t=o- The second term yields 



dt 



i(a,{t)X^j{t)) 



i 
i 

m 
m 
m 



ma^^Xi^Z, + (i{a,X^) +, zP,^^{dta0)Xi) 



and the third term yields : 
d 



-f^^^(d,a,{t)X\^{t)) 
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Proof of Lemma IG.6I The first part of tlie proof consists in showing that the 
action of an element ^ = j^b = jlj^ibx' of B^^'^'-^^M) on T^M is a homomorphism 
of T^M. To handle the p-linearity, let Xi, X2 belongs to some p- fiber of T^M and 
let a be a real number. Then if Zi denotes o (Xi), i = 1,2, we have 

jib ■ (^aXi + = pi^'^-' (b^^{aZi + Z2),aXi + 

Supposing instead that Xi and X2 belong to the same p*-fibcr, implying in par- 
ticular that Zi = Z2, we have 

jib ■ (^ma*Xi +t X2^ = pi^'^^ (bt^{Zi),ma*Xi +^ X2j 

at \ / t=o 

where ^7(i)|t=o = Zi. The p*-linearity follows from the linearity of p^^'^\ Sup- 
posing now that Xi and X2 belong to the same p**-fiber, we see that 

jib ■ (^ma**Xi -f-** X2^ = pi^'^^ (^6*^ (Zi), TOa**Xi +** X2^ 

at as \ / s=o t=o 

The pH.*-linearity follows thus from the linearity of p^^\ 

Now, let us show that the action of a (1, 1, l)-jet takes the specific values ([75]) 
on the vertical copies of T^Af. Let ^ = j> e B^^-^'^^M) and V = ^|t=o e T^M, 
then : 



at t=o , at t=o at 



,1, 



^S„)*(p,(e)•v), 



t=0 



, d(mtH.V) 



t=o at t=o at 



t=o 



The main part of the proof consists in showing the surjcctivity of £ onto 
£(1.1.1) (T^M). So let e : T^M T^M in £ be a homomorphism that satis- 
fies ([75]). we will show that it coincides with the action of a (1, 1, l)-jet. In order 
to prove this, we need to construct a family of linear maps 
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with (cc', x") &U = Uj;'g[/{a;'} x Ux', where 17 is a neighborhood of x in M and for 
x' S U , Ux' is a neighborhood of x' in M, that "integrates" i in the sense that the 
action of the (1, 1, l)-jet ^ = jljl,bx> on T^M coincides with £. Let {X\ X"} 
be a local basis of vector fields defined on a neighborhood U of x in M. In view 
of the decomposition of any element X in T^M described in Lemma IG.91 the 
Lemma FE.QI and the Remark lG.51 it is sufficient to construct a family bx'{x") for 
which the associated (l,l,l)-jet satisfies £{p{^j) = p(^), = P*{£) and 

= p**{£) as well as 

^ • XL,. K (T.M) = I (Xl,^^ {TxM)) , (78) 

for all J, fc = 1, n. To achieve these conditions, first integrate the homomorphism 
p**{£) of T'^M into a local bisection b : U B^^^M) : x' H- 6(x') = jl,ipx' 
such that C{jxb) = (cf. Lemma lE.8|) . Then consider a family of linear 

isomorphisms bx{x') : Tx'M — > T^^i^x')M, x' G [/ such that C{jxbx) = p{t) (once 
more Lemma [E.Sp . Now extend bx{x) into a family 6x'(x') : Tx'M H> T^^,(^x')M , 
x' £ U such that £(j^(6.(-))) = ?'*(^)- So far, we have ensured that if bx{x') and 
bx'{x') is further extended to a family bx'{x") : Tx"M — > T(px'{x")M, then the 
corresponding (1, 1, l)-jct ^ satisfies £{po{£,)) = Po(^) for Po = P,P*,P**- In order 
to guaranty the condition ([75)). set 

^x' = (r.'M) and 7^^' = Ux-euK. 

Then H-' is a submanifold of T'^M which is completely determined by that data of 
the family Xi^,X^,, x' G J7, fc = 1, n of bases of the various horizontal spaces 
H^^,. Consider now the image of the differential of XiX'', that is 

xl^^^x!:jTxM)":^'tI. 

It is a horizontal ri-plane in T^M tangent to T^-* whose image under £ is a horizontal 
n-plane ^(T^) in T^M. For each pair j, fc = 1, n, let E^-.V T^M be a smooth 
section of p^ : T^M M defined on a neighborhood V oi y such that 

- poEliy') = bx'{x')XHx'), for y' = ipx'{x'), 

- p. o Eiiy') = jI,{^.{.))X^,, for y' = ^,,(^')- 

The first condition implies in particular that E^y) = p{£){Xi^X^). Now for each 
y' in let 

Jl, = span{i5^;(y');fc = 1,-,"} C r,^,(^,)^, TM. 

It is a horizontal space because the vectors pjf{E''f,{y')) arc linearly independent 
and we may choose a smooth family Yy, , y' e y of local vector fields such that 

(yi>K'iTy>M) = ji,. 
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For y' sufRcicntly close to y, and y" sufficiently close to y', the vector fields yy,{y") 
form a basis of Ty"M . This allows us to define hx'{x"), for x' £ U , x" € U^' via : 

h'ix")Xi„=Y,i^^,^{b'i,ix")). 

This proves surjectivity of C. Injectivity follows from the effectiveness of the 
action p^^^^'^'> (cf. Remark [ClOl. 




Figure 14: A picture of the various actors of the proof 



Remark G.IO. Denote by P(Af) the subset of B^^-^^M) x S(i^i)(M) x B'^^'^HM) 
consisting of the triples for which = ^(^2), = = 

P*{£,3)- It is the image of the projection V ~ p x p^, x p,, : S(^'^'^'(Af) — > 
S(i'i)(Af) X X B^^'^\M). Now the map 

P : b^^-^'^Hm) r{M) 

is an affine bundle whose fiber over any triple (^11^2 7 ^3) is modeled on the set 
of trilinear maps T:j:M x T^M x T^M TyM, where x = a{£,i) and y = /3{(i). 
Indeed, let £^q,£_ be two elements in ■P~^(^i, C2, Ca): then 

C - Co : T,M X T,M x T,M -> TyM : (X„ F,, Z,) ^ m ' X, • X), 

where X G T^M satisfies pop(X) — X^^ p^, op(X) = and op^(X) = Z^, defines 
a trilinear map independent on the choice of X. 
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Canonical Involutions : Lemma [G.GI allows us to transport on B^^'^'^\m) the 
involutions k, and k' on T^M . 

Corollary G.ll. The expression 

Ko{i) ■ X = Koii ■ tioiX)) (79) 

defines, for Kq = n, k* or k' an involutive automorphism of the groupoid bI^'^'^\m) 
permuting two of the three fihrations. As is the case for T^M , we have the rela- 
tions : 

pOU—p^ p^, O K ~ p p*, O K = K O p^^, 

p O ^ K O p Ph. O = Ph.* P** O K„ = p» 

po k' ~ KO p„H, Ph. O k' = K O Pn., O k' = K O p. 

Proof. It suffices to prove that the right-hand side of (f79| defines a map T^M —>■ 
TyM satisfying the hypotheses of Lemma IG.6I This follows from the properties 
of the various involutions on T^M . In addition, 

«o(6-6)-^ = Kof(^l • ^2) ■ Ko(X)) 

= Ko(Cl • (6 • Ko(X)) 

= Ko(^i) • Ko(^2 ■ Ko(X)) 

= Ko(?l) ■ Ko(6) ■ ^■ 



Lemma G.12. The fixed point set of n (respectively k^,) is Bf^ ' (M) (respectively 
Bi'''\M)). 

Remark G.13. As for (l,l,l)-jets not in b\^''^'^\m), the expression ((79)) does 
not in general define a (l,l,l)-jet (cf. Remark lE.lSp . More precisely, we may 
define 

- k(^) when p(^) = p*(^); which implies that p*h.(C) G ^11'^^ ■ 

- when p*(^) ~ which implies that p(^) £ ^1^'^^ ■ 

For an arbitrary element ^ S B^^'^'-^^M) or even in C{T^M), one may define k(^) 
as the element in C{T^M) that satisfies : 

Remark G.14. Given a (1, 1, l)-jet ^ = for which is defined, that ispH,(^) = 
p**{S,), the corresponding tangent plane D(^) is contained in the tangent space to 
the subgroupoid B^i^'^\m) and k, coincides with the differential of k'^^ , that is : 

Equivalently, 
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